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Abstract
We study confinement in softly broken N = 2 SUSY QCD with gauge group SU(Nc) and Nf
hypermultiplets of fundamental matter (quarks) when the Coulomb branch is lifted by small mass of
adjoint matter. Concentrating mostly on the theory with SU(3) gauge group we discuss the N = 1
vacua which arise in the weak coupling at large values of quark masses and study flux tubes and
monopole confinement in these vacua. In particular we find the BPS strings in SU(3) gauge theory
formed by two interacting U(1) gauge fields and two scalar fields generalizing ordinary Abrikosov-
Nielsen-Olesen vortices. Then we focus on the SU(3) gauge theories with Nf = 4 and Nf = 5 flavors
with equal masses. In these theories there are N = 1 vacua with restored SU(2) gauge subgroup
in quantum theory since SU(2) subsectors are not asymptotically free. We show that although the
confinement in these theories is due to Abelian flux tubes the multiplicity of meson spectrum is the
same as expected in a theory with non-Abelian confinement.
1
1 Introduction
According to Mandelstam, Polyakov and ’t Hooft [1] confinement of charges arises as Meissner effect upon
condensation of monopoles. Once monopoles condense the electric flux is confined within the electric flux tube
[2, 3] connecting the heavy trial charge and anti-charge. The flux tube has constant energy per unit length
– the string tension T = (2πα′)−1, and this ensures that confining potential between heavy charge and anti-
charge increases linearly with their separation. However, since dynamics of monopoles is hard to control in
non-supersymmetric gauge theories, this picture of confinement for many years remained to be an unjustified
qualitative scheme.
The breakthrough in this direction was made by Seiberg and Witten in [4, 5]. Constructing exact solution
to N = 2 supersymmetric gauge theory they have shown that the condensation of monopoles really occurs near
the monopole point in the moduli space of the theory once N = 2 supersymmetry is broken down to N = 1
by the mass term of adjoint matter [4]. After the work of Seiberg and Witten it has become very important
to understand to what extent this Abelian confinement of electric charges is similar to confinement of color
we expect (but cannot control) in real QCD. Moreover, one expects the QCD-like confinement also in N = 1
supersymmetric QCD which can be obtained as a limit of large mass of the adjoint matter µ of softly broken
N = 2 QCD, but again, we have no control on the dynamics of this theory in the large µ limit.
One important distinction noticed by Douglas and Shenker [6] appears in SU(Nc) gauge theories with
Nc ≥ 3. Since SU(Nc) gauge group is broken down to U(1)Nc−1 by the VEV’s of adjoint scalars there are
Nc − 1 generically different flux tubes, one per each U(1) factor. Numerous flux tubes lead to existence of
too many hadronic states in the spectrum [6] (see also [7] for the D-brane reinterpretation of this result). In
particular, there are Nc different sets of quark-antiquark meson Regge trajectories
1. For example, in pure
SU(Nc) gauge theory the number of families of sets of these trajectories with different slope is the integer part
of (Nc +1)/2. The presence of many quark-antiquark meson trajectories reflects the essentially Abelian nature
of confinement in Seiberg-Witten theory.
On the other hand in N = 1 supersymmetric theories described in the framework of Seiberg’s duality [8]
we should get non-Abelian confinement since without adjoint fields breaking of the gauge symmetry down to
Abelian subgroup does not occur. It is believed that condensation of ”magnetic quarks” of non-Abelian dual
theory leads to confinement of ordinary quarks. Still the mechanism of this confinement is not understood. The
problem is that usually non-Abelian dual gauge groups, say SU(r) groups do not admit flux tubes.
The bridge between two approaches was suggested in [9, 10]. It was shown that certain N = 1 vacua of softly
broken N = 2 QCD at small µ preserve non-Abelian SU(r) subgroups of SU(N) gauge symmetry (r < Nc).
The theories at some of these vacua correspond at large µ to N = 1 QCD described by Seiberg’s duality. This
suggests that confinement at these vacua should be non-Abelian even at small µ. In particular we should have
only one set of quark-antiquark meson Regge trajectories. In this paper we are going to study the outlined
above proposal for the non-Abelian confinement from the side of softly broken N = 2 QCD at small µ. In
particular we analyse what happens to Abelian flux tubes when a non-Abelian subgroup of gauge symmetry
is restored at certain N = 1 vacua. We will mostly focus on theory with the SU(3) gauge group and Nf ≤ 5
flavors of fundamental hypermultiplets to be called as quarks below. In sect. 2 we review the vacuum structure
of the theory studied partially in [9, 10]. We consider the case of large quark masses mA, A = 1, . . .Nf , to
keep theory at weak coupling and discuss vacua where quarks develop VEV’s. These vacua are classified by the
number r of different colors for which quarks have non-zero VEV’s. For SU(3) gauge theory the isolated vacua
can have r = 0, 1, 2 and we are interested mostly in weak coupling vacua with r = 1 and/or r = 2 for large
values of mA.
In sect. 3 we present weak coupling Abelian description of the low energy effective theory around these
vacua and discuss the low energy spectra. Generically the SU(3) gauge group is broken down to its maximal
U(1)×U(1) Abelian subgroup by the VEV’s of adjoint matter and we have two light photon multiplets. In sect. 4
and sect. 5 we study in detail magnetic flux tubes in r = 1 and r = 2 vacua responsible for the confinement
of monopoles. It turns out that r = 1 vacua possess the standard Abrikosov-Nielsen-Olesen (ANO) flux tubes
[2, 3] described by one U(1) gauge field and one scalar field. In the limit of small masses of the adjoint matter
µ these flux tubes are BPS-saturated [11]. However, at r = 2 vacua the flux tubes turn out to have more
1Each set corresponds to main trajectory together with ”daughter” trajectories.
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complicated structure. They are formed now by two gauge fields interacting with two scalar fields. We consider
the lattice of these flux tubes of more general type and study which ones among them are BPS states. To do
this we calculate the interaction potential of strings at large distances.
In sect. 6 we consider finally the r = 2 vacua in the SU(3) gauge theories with Nf = 4 and Nf = 5 in
special limit of equal quark masses, when the SU(2) subgroup of gauge symmetry is restored. The reason
is that classically restored SU(2) subgroup stays unbroken also at quantum level since corresponding SU(2)
subsectors are not asymptotically free (though, of course, the SU(3) gauge theory with Nf = 4 and Nf = 5
is asymptotically free itself). We study what happens to the Abelian flux tubes and monopole confinement
under restoration of the SU(2) gauge subgroup and find that one of flux tubes becomes unstable and eventually
disappears from the spectrum. Two other ”elementary” strings become essentially identical in this limit. This
eliminates unwanted multiplicity of the hadron spectrum mentioned above since in this vacuum we get only one
set of meson Regge trajectories as expected in a theory with non-Abelian confinement.
2 Vacuum structure
2.1 Superpotential and vacuum equations
Consider softly broken N = 2 SU(Nc) gauge theory with Nf flavors. The field content in terms of N = 1
supermultiplets can be described by the gauge multipletWα and chiral multiplet Φ in the adjoint representation
(forming together N = 2 gauge supermultiplet) so that first contains the gauge field (Aµ)ij and complex Weyl
fermion (λα)
i
j , while the second – complex scalar Φ
i
j and complex Weyl fermion (ψα)
i
j , (i, j = 1, . . . , Nc), –
all being Nc × Nc matrices with zero trace and 2Nf chiral multiplets of matter QA,i and Q˜A,i in the Nc and
N¯c representations respectively, i.e. i = 1, . . . , Nc and A = 1, . . . , Nf . The vacuum structure we are going to
discuss can be associated with extrema δW of the superpotential
W =
Nf∑
A=1
(√
2Q˜A,iΦ
i
jQ
A,j +mAQ˜A,iQ
A,i
)
+
Nc−1∑
k=2
µkTrΦ
k (1)
Here the last term generally breaks N = 2 supersymmery down to N = 1 and we have chosen it to be linear in
the independent invariant combinations TrΦk. In fact, later on we simplify it further assuming that only the
coefficient µ2 ≡ µ in front of the mass term of adjoint matter is non-zero.
To find vacua of the theory we also have to impose the D-term condition which reduces to [Φ†,Φ] = 0 and
Dij ≡
Nf∑
A=1
(
QA,iQ¯A,j − ¯˜Q
A,i
Q˜A,j
)
= νδij (2)
The parameter ν = ν(Q, Q˜, Q¯, ¯˜Q) = 1NcTrD is in fact some function of quark’s VEV’s and it can be nonzero
only if all Qj 6= 0 for j = 1, . . . , Nc. The variation of the superpotential (1) gives rise to the following set of
equations √
2ΦijQ
A,j +mAQ
A,i = 0 ∀ A = 1, . . . , Nf
√
2Q˜A,iΦ
i
j +mAQ˜A,j = 0 ∀ A = 1, . . . , Nf
(3)
including also F -term condition ∂W∂Φij = 0, which should be taken into account together with (2). One should also
remember that TrΦ = 0, say, introducing the Lagrange multiplier µ1 into (1), the same is to impose vanishing
condition only onto the traceless part
√
2
Nf∑
A=1
(
QA,iQ˜A,j −
δij
Nc
(∑
k
QAkQ˜Ak
))
+
∑
k≥2
kµk
((
Φk−1
)i
j
− δ
i
j
Nc
TrΦk−1
)
= 0 (4)
of
√
2F ij +
∑
k≥2 kµk
(
Φk−1
)i
j
with
F ij ≡
Nf∑
A=1
QA,iQ˜A,j. (5)
3
Let us first investigate the structure of solutions to vacuum equations (2), (3) and (4). We shall basically use
quasiclassical regime when all masses of the quarks mA ≫ ΛQCD where the coupling is small and quasiclassics
is a good approximation. Whenever it is not possible we will add extra arguments based on the Seiberg-Witten
analysis of strong coupling regime of SUSY gauge theories [4, 5].
Equation [Φ†,Φ] = 0 gives rise immediately to the conclusion that, in general position, up to gauge trans-
formations
Φ =


φ1 0 . . . 0
0 φ2 . . . 0
...
. . .
...
0 . . . φNc


TrΦ =
Nc∑
i=1
φi = 0
(6)
and gauge group SU(Nc) is broken down to U(1)
Nc−1 since the off-diagonal vector fields (Aµ)
i
j acquire the
masses proportional to
[Φ, Aµ]
i
j = (φi − φj) (Aµ)ij (7)
due to the Higgs effect. When φi = φj for some i 6= j non-Abelian gauge symmetry may be partially restored.
For diagonal Φ (6) the second term in (4) vanishes for i 6= j and one ends up with a simple problem of counting
of the eigenvectors of matrix Φ. We shall consider in detail the case of gauge group SU(3).
2.2 SU(3) gauge group
The SU(3) N = 1 SUSY gauge theory without matter has exactly Nc = 3 vacua, all in the strong coupling
regime. This is a particular case of general situation for an SU(Nc) pure gauge theory, which has Nc points in
the moduli space when Nc − 1 monopoles become massless (see, for example, [12, 13, 6]).
Let us add one flavor with mass mA = m so that the equations (3) and linear combinations of the equations
(4) turn into
(
√
2φ1 +m)Q
1 = 0 Q˜1(
√
2φ1 +m) = 0
(
√
2φ2 +m)Q
2 = 0 Q˜2(
√
2φ2 +m) = 0
(−√2φ1 −
√
2φ2 +m)Q
3 = 0 Q˜3(−
√
2φ1 −
√
2φ2 +m) = 0
√
2
(
Q˜1Q
1 − Q˜3Q3
)
= −(2µ2 − 3µ3φ2)(2φ1 + φ2)
√
2
(
Q˜2Q
2 − Q˜3Q3
)
= −(2µ2 − 3µ3φ1)(φ1 + 2φ2)
(8)
where we have restricted ourselves to (the only essential in SU(3) case) nonzero µ2 and µ3. Matrix Φ may have
only one eigenvector, which can be by gauge transformation turned to any given direction in colour space, for
example 2
QA,i ≡ Qi = uδi1 = u


1
0
0

 (9)
and
Q˜A,i ≡ Q˜i = u˜δ1i = u˜
(
1 0 0
)
(10)
Taking into account (9), (10) equations (8) give rise to
√
2φ1+m = 0 or φ1 = − m√2 . Then, from the last equation
of (8) and vanishing of Q2 and Q3 one gets that φ2 = −φ12 = m2√2 , and, as a consequence φ3 = −φ1−φ2 = m2√2 .
2In the case of the SU(3) gauge group we will use common notations u, d and s for the Qi with i = 1, 2, 3.
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As a result matrix Φ acquires the form
Φ =
1√
2


−m 0 0
0
m
2
0
0 0
m
2

 (11)
It means that the gauge group is in fact broken only up to SU(2)× U(1). The vector fields A12µ and A13µ (and
their superpartners) become very heavy, of the mass ∼ m ≫ Λ, while the mass of the photon A11µ and its
superpartners is totally defined by ”higgsing” via Q1 and, from the fourth equation of (8), is given by
mlight ∼ g
√
m
(
µ2 − 3
4
√
2
µ3m
)
(12)
i.e. is of the scale of SUSY breaking for generic µ2 and µ3
3. In (12) we have also introduced the coupling
constant g which comes from kinetic term and corresponds to correct normalization of mass as a pole in the
propagator. From the equations (8) and formulas (9) and (10) we immediately find the value of the quark
condensate 〈Q˜Q〉 in this vacuum
〈u˜u〉 = 3
2
m
(
µ2 − 3
4
√
2
µ3m
)
≡ ζ
2
,
〈d˜d〉 = 〈s˜s〉 = 0,
(13)
where we introduced parameter ζ = 2〈u˜u〉 The SU(2) subgroup is unbroken at the scale of order of m, it
interacts only with very heavy matter Q2 and Q3 (of m≫ Λ) and by the Seiberg-Witten mechanism it runs to
the strong-coupled phase and has two Seiberg-Witten vacua [4, 5]. It means that vacua of the full theory would
correspond to
Φ =
1√
2


−m 0 0
0
m
2
± ΛSU(2) 0
0 0
m
2
∓ ΛSU(2)

 (14)
where Λ4SU(2)m = Λ
5
SU(3) ≡ Λ5. The gauge fields A23µ and their superpartners would get masses of the order
of ΛSU(2) ≪ m and the unbroken U(1) subgroup of this SU(2) will remain light, with the mass ∼
√
µ2ΛSU(2).
This mass is even less than (12). In order to avoid running of the SU(2) subgroup into the strong coupling one
has to add more flavors to our gauge theory.
2.3 More flavors with SU(3)
Let us now turn to the situation with more flavors. Of course we can still have vacua of the type considered
in previous section for each flavor, however, in this case more complicated vacua when different flavors get
simultaneously non-zero VEV’s also arise.
From (3) it follows that either QA and Q˜A are zero for a given A or they are eigenvectors of the diagonal
matrix (6) with eigenvalue −mA/
√
2. An important restriction on extra vacua also comes from the formula (4)
with i 6= j (see (6))
F ij =
Nf∑
A=1
QA,iQ˜A,j = 0, i 6= j (15)
3In this paper we do not consider possible complications related to the ”fine-tuning” of (12), say when for µ3 =
4
√
2µ2
3m
extra
fields could become massless, at least classically.
5
Combining these conditions together we see that for example, in the case Nf = 2 one may consider only
QA,i = QiδAi, i.e.
Q1,i = u1δi1 = u1


1
0
0


Q2,i = d2δi2 = d2


0
1
0


(16)
and Q˜A,i = Q˜iδAi, or
Q˜1,i = u˜1δi1 = u˜1
(
1 0 0
)
Q˜2,i = d˜2δi2 = d˜2
(
0 1 0
) (17)
and equations (3) give rise to
√
2φ1 +m1 = 0 and
√
2φ2 +m2 = 0 implying
Φ = − 1√
2


m1 0 0
0 m2 0
0 0 −m1 −m2

 (18)
This is a general situation up to gauge rotations in the colour space, so one gets an extra vacuum with two U(1)
gauge groups softly broken at ”light” level of (12). Indeed, from (16), (17) and, following from (4) relations one
finds the following values for the vacuum condensates:
〈u˜1u1〉 = − 1√
2
(2µ2 − 3µ3φ2)(2φ1 + φ2) = (µ2 + 3
2
√
2
µ3m2)(2m1 +m2)
〈d˜2d2〉 = − 1√
2
(2µ2 − 3µ3φ1)(φ1 + 2φ2) = (µ2 + 3
2
√
2
µ3m1)(m1 + 2m2)
(19)
The spectrum of light fields will be discussed in detail in sect. 3.3. The total number of vacua is in agreement
with the formula from [10]
#(vacua) =
min(Nc−1,Nf )∑
r=0
(Nc − r)CNfr (20)
where r counts the number of nontrivial eigenvectors or solutions to (3). Indeed, r = 0 term gives Nc (= 3
for SU(3)) Seiberg-Witten vacua ”without matter”, r = 1 term adds (Nc − 1) ·Nf (= 2Nf for SU(3)) vacua,
corresponding to (14) for each flavor) – with the gauge group broken to SU(Nc− 1) at the scale m≫ Λ in weak
coupling. The term with r = 2
(Nc − 2)CNf2 =
Nc=3
Nf (Nf − 1)
2
(21)
corresponds exactly to the situation, considered in this section.
Formula (20) has a simple physical meaning. The factor (Nc − r) is exactly the Witten index of unbroken
by the adjoint matter gauge group (in the case we consider adjoint matter always breaks SU(Nc) down to some
”lower” SU(Nc− r)). The combinatorial factor CNfr counts the number of possibilities to arrange quark VEV’s
within Nf flavors.
2.4 Colliding vacua and Higgs branches
If some of the masses of the matter multiplets coincide (mA = mB for A 6= B; A,B = 1, . . . , Nf ) one gets a
Higgs branch with VEV’s 〈Q〉 6= 0, ”growing” from the corresponding point on the moduli space of the Coulomb
branch. The (real) dimension of the Higgs branch is 4H, i.e. the dimension of the hyper Ka¨hler manifold is
four times the ”number of hypermultiplets” H.
6
In the r = 1 case one can always choose the nontrivial eigenvectors of Φ along some fixed direction in the
colour space, say only Q1A 6= 0 and Q˜A1 6= 0 for any A. Then we get 4Nf real parameters (for coinciding all
mA = m and matrix Φ of the form of (11)), which should obey two real F-term and one real D-term relations.
One extra degree is ”eaten up” by the U(1) gauge group so that finally the dimension of the Higgs branch
appears to be 4Nf − 3− 1 = 4(Nf − 1) or Hr=1 = Nf − 1.
In the r = 2 case the situation is a bit more complicated. The solutions for nontrivial Q and Q˜ can be now
chosen in the form of the following rectangle matrices
‖QkA‖ =


Q11 Q12 . . . Q1Nf
Q21 Q22 . . . Q2Nf
0 0 . . . 0

 (22)
and
‖Q˜Ak‖ =


Q˜11 Q˜12 0
Q˜21 Q˜22 0
...
...
...
Q˜Nf1 Q˜Nf2 0


(23)
consisting of the eigenvectors of Φ = diag(−m,−m, 2m), with 8Nf parameters. These parameters obey now
four real D-term conditions (2) and eight real F-term conditions and gauge group SU(2) × U(1) ”eats” four
”phases”, so that the total number of independent parameters is 8Nf −12−4 = 8(Nf −2) or Hr=2 = 2(Nf −2),
which coincides with the formula of [9] for r = 2.
2.5 Baryonic branches
Formula (20) is based on counting of the number r of nonzero eigenvectors – solutions to (3). We have considered
the cases r = 1 and r = 2 for the SU(3) gauge theory, but it is obvious that the maximal number of eigenvectors
is r = Nc = 3. This possibility appears first time for Nf = Nc (= 3 if we still consider the SU(3) gauge group)
and is only possible, however, in the situation when
∑Nf
A=1mA =
∑3
A=1mA = 0.
Consider, for example, r = 2 vacuum of the previous section. The relation (15) still requires QA,i = QiδAi
and Q˜A,i = Q˜iδAi, but now for i, A = 1, . . . , 3. In this way we get the set of vacua, parameterized by
∑
A=1,2
(
Q˜A,1Q
A,1 − Q˜A,3QA,3
)
= u˜1u
1 − s˜3s3 = (µ2 + 3
2
√
2
µ3m2)(2m1 +m2)
∑
A=1,2
(
Q˜A,2Q
A,2 − Q˜A,3QA,3
)
= d˜2d
2 − s˜3s3 = (µ2 + 3
2
√
2
µ3m1)(m1 + 2m2)
(24)
The system (24) describes the baryonic branch 4, indeed (19) is simply obtained from (24) putting Q3 = Q˜3 = 0,
and in this point m3 can be ”unfrozen” from −(m1+m2). This is a baryonic branch since the VEV’s of baryons
B = u1d2s3 =
1
3!
ǫijkǫABCQ
A,iQB,jQC,k
B˜ = u˜1d˜2s˜3 =
1
3!
ǫijkǫABCQ˜A,iQ˜B,jQ˜C,k
(26)
are nonzero. The dimension of this baryonic branch is #(Qi, Q˜i)−#(F )−#(D)−#(phases) = 12−4−2−2 = 4.
4To ”symmetrize” (24) one may also add a relation∑
A=1,2
(
Q˜A,1Q
A,1 − Q˜A,2QA,2
)
= u˜1u
1 − d˜2d2 = (µ2 +
3
2
√
2
µ3m3)(m1 −m2) (25)
which is not independent, but is just the difference of two in (24).
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The simplest analog of this branch exists already for the SU(2) gauge theory with Nf = Nc = 2 matter
hypermultiplets with m1 = −m2 = m. The corresponding moduli space is described by
Φ =
1√
2
( −m 0
0 m
)
(27)
and
QkA =
(
Q1 0
0 Q2
)
Q˜Ak =
(
Q˜1 0
0 Q˜2
) (28)
or eight real parameters and the relations (2) and (4) give one and two real relations on them correspondingly
(the last one
Q1Q˜1 −Q2Q˜2 = 2µm (29)
is a particular case of counted carefully general situation when the i = j relations of (4) impose 2 · rank =
2 · (Nc− 1) conditions) plus a U(1) phase, so that the dimension is 8− 2− 1− 1 = 4. The corresponding baryon
operators are B = Q1Q2 and B˜ = Q˜1Q˜2.
One may also add more flavors, up to Nf = 4 (the conformal point for the SU(2) theory) when the baryonic
branch can be described in terms of (27) and
QkA =
(
Q1 0 Q3 0
0 Q2 0 Q4
)
Q˜Ak =


Q˜1 0
0 Q˜2
Q˜3 0
0 Q˜4


(30)
modulo (2) and (4) which gives 16− 2− 1− 1 = 12 parameters or three hypermultiplets.
3 Low energy mass spectrum
In this section we work out the action of the effective low energy Abelian theory and use it to study the low
energy spectrum in isolated N = 1 charge vacua of the theory at mA ≫ Λ (i.e. at different values of quark
masses when there are no Higgs branches). We put µk = µδk2 or keep only µ2 ≡ µ 6= 0, assuming also that
µ≪ Λ.
3.1 Abelian description
Let us consider scales of order
√
µmA which are well below W-boson masses at small µ. At this scale SU(3)
gauge group is broken down to U(1)2 by VEV of the adjoint scalar (6)
Φ =


φ1 0 0
0 φ2 0
0 0 φ3

 = 12


a3 +
a8√
3
0 0
0 −a3 + a8√
3
0
0 0 −2 a8√
3


≡ λ3a3 + λ8a8 (31)
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uee 12
1−1 −1/2 1/2
3
α
αα
1
122
s
d
/2
µ
µµ
u
d
s
Figure 1: Root and weight vectors in the Cartan plane for SU(3) group. We have depicted explicitly the root
vectors α1 and α2 (the simple roots), the highest root α12 = α1 + α2 and the weights of the fundamental
representation µ1 ≡ µu, µ2 ≡ µd and µ3 ≡ µs, corresponding to u, d and s quarks respectively. We have also
depicted the ”normalized” roots (of unit length) e1 = α12/
√
2 and e2 = α2/
√
2 as well as normalized weights
u, d and s of the length 1/
√
3.
at generic values at quark masses. We also have two U(1) gauge fields (in the orthogonal basis denoted A
(3)
µ
and A
(8)
µ ; note that the orthogonal basis is normalized so that TrΦ2 =
1
2
(
a23 + a
2
8
)
) introduced via
Aµ =
1
2


A(3)µ +
A
(8)
µ√
3
0 0
0 −A(3)µ +
A
(8)
µ√
3
0
0 0 −2A
(8)
µ√
3


= λ3A
(3)
µ + λ8A
(8)
µ (32)
where our notations correspond to expanding gauge and adjoint fields in the orthogonal basis of the Gell-Mann
matrices – the basis of diagonal Cartan generators of the SU(3) Lie algebra (see (149) and (150) in Appendix).
It will become clear later that it is more adequate to use the basis given by (divided by two) root vectors in the
Cartan subalgebra of SU(3) α12/2 and α2/2
5, see Appendix and fig. 1, but we find it technically simpler to
work in the orthogonal basis. The price to pay for this is non-integer electric charges of u and d quarks with
respect to orthogonal gauge fields, say A
(3)
µ and A
(8)
µ , see below.
In these notations the bosonic part of the low energy effective Abelian theory acquires the form
SQED =
∫
d4x
(
1
4g2
(
F (3)µν
)2
+
1
4g2
(
F (8)µν
)2
+
1
g2
|∂µa3|2 + 1
g2
|∂µa8|2+
+
Nf∑
A=1
∑
i=u,d,s
(∣∣∣∇(i)µ QAi ∣∣∣2 + ∣∣∣∇(i)µ Q˜Ai ∣∣∣2
)
+ V (u, d, s, a3, a8)
) (33)
5We will also used ”normalized” roots e0 = α1/
√
2 e2 = α2/
√
2 and e1 = α12/
√
2 and ”normalized” weights, e.g. u = µ1/
√
2.
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Here u, d, s label different colors of scalar components of quark supermultiplets Qi while
∇(u,d)µ = ∂µ −
i√
3
A(u,d)µ
∇(s)µ = ∂µ +
i√
3
A(u)µ +
i√
3
A(d)µ
(34)
where we introduced also (non-orthogonal) components of the gauge fields interacting directly with u- and
d-quarks
A(u)µ =
√
3
2
A(3)µ +
1
2
A(8)µ
A(d)µ = −
√
3
2
A(3)µ +
1
2
A(8)µ
(35)
The potential in the Lagrangian (33)
V (u, d, s, a) =
= g2
∑
α∈∆+
(
1
4
|Dα|2 +
∣∣∣∣ ∂W∂Φα
∣∣∣∣
2
)
+ g2D2 + g2
∣∣∣∣∂W∂a
∣∣∣∣
2
+
Nf∑
A=1
∑
i=u,d,s

∣∣∣∣ ∂W∂QA,i
∣∣∣∣
2
+
∣∣∣∣∣ ∂W∂Q˜A,i
∣∣∣∣∣
2

 =
=
g2
4
∑
i6=j
|Dij |2 +
g2
12
∑
i<k
(
Dii −Dkk
)2
+
g2
2
∑
i6=j
∂W
∂Φij
(
∂W
∂Φji
)
+
+g2
(∣∣∣∣∂W∂a3
∣∣∣∣
2
+
∣∣∣∣∂W∂a8
∣∣∣∣
2
)
+
Nf∑
A=1
∑
i=u,d,s

∣∣∣∣ ∂W∂QA,i
∣∣∣∣
2
+
∣∣∣∣∣ ∂W∂Q˜A,i
∣∣∣∣∣
2


(36)
is given by D and F terms (2), (5)) (see also formulas (3), (4)), expressed in terms of the scalar components
Q1 ≡ u, Q2 ≡ d, Q3 ≡ s and a3,8 (31)
V (u, d, s, a3, a8) =
g2
4
∑
i6=j
DijD
j
i + g
2
∑
i6=j
F¯ ijF
j
i +
+
g2
8
(
Duu −Ddd
)2
+
g2
24
(
Duu +D
d
d − 2Dss
)2
+
+
g2
2
∣∣∣Fuu − F dd +√2µa3∣∣∣2 + g22
∣∣∣∣ 1√3
(
Fuu + F
d
d − 2F ss
)
+
√
2µa8
∣∣∣∣
2
+
Nf∑
A=1
(
1
2
∣∣∣∣a3 + a8√3 +
√
2mA
∣∣∣∣
2 (|uA|2 + |u˜A|2)+ 1
2
∣∣∣∣−a3 + a8√3 +
√
2mA
∣∣∣∣
2 (
|dA|2 + |d˜A|2
)
+
+
1
2
∣∣∣∣ 2√3a8 +
√
2mA
∣∣∣∣
2 (|sA|2 + |s˜A|2)
)
(37)
where color indices i, j as in (33) run over the set of u, d and s.
The QED coupling constant g in (33) is small at small µ, determined by the mass of light quarks and photons
(cf. eq. (12))
1
g2
∼ log µm
Λ2
(38)
With logarithmic accuracy we do not distinguish between two different coupling constants associated with two
U(1) factors in (33). Below we consider different types of N = 1 vacua and analyse what kind of flux tubes do
we have in each type.
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3.2 r=1 vacua
Consider first r = 1 vacuum when only one QA,i = Q1,i quark flavor develops VEV. We drop flavor index below
in this subsection because all other r = 1 vacua have the similar structure. As we have learnt in sect. 2.2 the
VEV’s of scalar fields in this vacuum are given by (13) where we assume for simplicity that µ and m are real
and positive and choose the phase of the u-quark condensate to vanish. The adjoint scalar develop VEV given
by (11), in terms of fields a3 and a8 this reads
〈a3〉 = − 3
2
√
2
m
〈a8〉 = −
√
3
2
√
2
m
(39)
From the kinetic term for u-quark in (33) one can get the mass matrix for the U(1) gauge fields (A
(3)
µ , A
(8)
µ )
M2γ =
3
2
g2µm


1
1√
3
1√
3
1
3

 (40)
whose eigenvalues are
m21 = 2g
2µ m =
2
3
g2ζ (41)
together with
m22 = 0 (42)
where we have used parameter ζ = 2〈u˜u〉 = 3µm. These equations show that one massive photon appears since
u-quark develops nonzero VEV (13) and breaks one of two U(1) gauge groups while the massless photon is
associated with the second unbroken U(1) group. This fact we have already pointed out in sect. 2.2. Classically
the SU(2) group which includes the latter U(1) factor remains unbroken, see for example formula (11). However,
in quantum theory this SU(2) subgroup is broken down due to the Seiberg-Witten mechanism [4, 5] and the
second photon acquires small mass of the order of
√
µΛSU(2) due to monopole/dyon condensation in this SU(2)
sector.
Now let us consider the mass matrix for the scalars a3 and a8, to the leading order in µ/m it can be read
off the two last lines in potential (37). In this approximation it coincides with the photon mass matrix (40)
and therefore one complex a-field remains massless while the other one acquires the same mass (41) as one
of the photons. This is directly related to the fact that N = 2 supersymmetry is not broken in the effective
low energy QED (33) in the leading order in µ/m [7, 14]. To see this note, that in this approximation the
perturbation of superpotential (1) proportional to µ is linear in fluctuations of a-fields. Thus it boils down to
the Fayet-Iliopoulos (FI) F -term which does not break N = 2 supersymmetry in the effective QED [7, 14]. In
the next to leading order in µ/m (which corresponds to taking into account fluctuations of the a-fields in the
third line of potential (37)) N = 2 supersymmetry is broken and N = 2 supermultiplets split [14]. Below we
restrict ourselves to the leading order in µ/m so that N = 2 supersymmetry is preserved in the effective low
energy Abelian theory (33).
To complete the study of the mass spectrum in vicinity of r = 1 vacuum consider the mass matrix for
quarks. The d- and s-quarks are very heavy (with masses of the order of m≫ Λ) and, hence, decouple from the
low-energy theory (see last two terms in (37)). The mass matrix for remaining four real components of u-quark
(Reu,Reu˜, Imu, Imu˜) can be read off the terms
g2
6
(Duu)
2 +
g2
2
∣∣∣Fuu +√2µa3∣∣∣2 + g22
∣∣∣∣Fuu√3 +
√
2µa8
∣∣∣∣
2
=
2g2
3
(∣∣∣∣Fuu − 32µm
∣∣∣∣
2
+
1
4
(Duu)
2
)
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of the potential (37) and has the form
M2u = 2g2µm


1 0 0 0
0 1 0 0
0 0
1
2
1
2
0 0
1
2
1
2


(43)
with one zero eigenvalue corresponding to the state ”eaten” by Higgs mechanism, and three other eigenvalues
coinciding with the photon mass (41). These three real states of u-quark combine with two real states of massive
a-field and three states of massive photon to form the bosonic part of one long N = 2 supermultiplet which
contains eight boson and eight fermion states. The long multiplet appears because electric charges are screened
in the broken U(1) sector by Higgs condensate, therefore the corresponding central charges of N = 2 algebra
vanish, and short BPS multiplets cannot appear [14]. To sum up, one gets one long N = 2 multiplet with mass
(41) formed by the u-quark condensation and another one with much smaller mass of the order of ∼√µΛSU(2)
formed by the monopole/dyon condensation in the classically unbroken SU(2) sector.
3.3 r=2 vacua in the low energy effective theory
Let us consider now the r = 2 vacua of sect. 2.3. Assume for simplicity that we have only two quark flavors
with masses m1 and m2. In this vacuum quark fields develop VEV’s (19) while adjoint VEV’s are given by
(18). In a3, a8 basis they are
〈a3〉 = − 1√
2
(m1 −m2)
〈a8〉 = −
√
3
2
(m1 +m2)
(44)
The mass matrix for the gauge fields (A
(3)
µ , A
(8)
µ ) can be read off the kinetic terms for u- and d-quarks in (33)
and has the form
M2γ =
g2ξ
2


1 + ω
1√
3
(1− ω)
1√
3
(1− ω) 1
3
(1 + ω)

 (45)
where we have introduced the parameters of r = 2 vacua
ξ ≡ 2〈u˜1u1〉 = 2µ(2m1 +m2) (46)
and
ω ≡ 〈d˜2d
2〉
〈u˜1u1〉 =
2m2 +m1
2m1 +m2
(47)
analogous to the parameter ζ of r = 1 vacuum (13). Two eigenvalues of this mass matrix are given by
(
m2γ
)
± =
g2ξ
2
Ω± (48)
with
Ω± =
2
3
(
1 + ω ±
√
1− ω + ω2
)
(49)
We see that for generic values of m1 and m2 both U(1) groups are broken and both photons acquire masses.
The mass matrix for two complex fields a3 and a8 is identical to (45) in the leading order in µ/m as can be
seen again from (37).
The mass matrix for quarks is now of the size 8 × 8 including four (real) components of u1-quark and
four components of d2-quark. It has two zero eigenvalues associated with the two states “eaten” by the Higgs
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mechanism for two U(1) gauge factors and two non-zero eigenvalues coinciding with photon masses (48). Each
of these non-zero eigenvalues corresponds to three quark eigenvectors. Altogether we have two long N = 2
multiplets with masses (48), each one containing eight bosonic and eight fermionic states.
Now let us briefly comment on the special case of coinciding masses m1 = m2 (ω = 1) to be considered
in detail in sect. 6. In this case 〈a3〉 = 0 and SU(2) subgroup of the SU(3) gauge group is restored on the
Coulomb branch at zero µ at least classically, see (18). However when one switches on the terms proportional
to µ this SU(2) subgroup becomes broken completely by u- and d-quark condensates. It is easy to see that
all three masses of SU(2) gauge fields are the same and given by (48) with Ω+ = 2 which corresponds to the
special value ω = 1 in (49) when mass matrix becomes diagonal.
4 Flux tubes
In this section we consider flux tubes in isolated N = 1 charge vacua of the theory at mA ≫ Λ and µ≪ Λ. In
this regime the low energy effective theory reduces to Abelian model (33) at weak coupling so one can use the
semi-classical methods to study string solutions.
4.1 ANO strings in r=1 vacua
At r = 1 vacuum d- and s-quarks are heavy and we can simply ignore them. The VEV’s of light fields are given
by eqs. (13) and (39), in particular u- and u˜-quarks have the same VEV’s. This suggest that one can look for
the ANO string solution using the ansatz (13), (39), i.e. to fix
d = s = d˜ = s˜ = 0
a3 = − 3
2
√
2
m, a8 = −
√
3
2
√
2
m
(50)
and express u and u˜ in terms of a single complex field ϕ
u = ¯˜u =
ϕ√
2
(51)
Since u-quark interacts only with particular combination A
(u)
µ of the gauge fields A
(3)
µ and A
(8)
µ given by (35)
it is natural to assume that only this combination is non-zero on corresponding string solution. To implement
this let us rotate the fields A
(3)
µ and A
(8)
µ to another orthogonal basis
A(u)µ =
√
3
2
A(3)µ +
1
2
A(8)µ
A2µ = −1
2
A(3)µ +
√
3
2
A(8)µ
(52)
The meaning of the subscript “2” of A2µ means that it is directed along α2 ∼ e2 (see fig. 1) and at the moment
we only need that
A2µ = 0 (53)
on our string solution. It is easy to check that the ansatz (51), (53) satisfies the equations of motion. With this
ansatz the bosonic part of softly broken N = 2 QED (33) reduces to the form of standard Abelian Higgs model
(the relativistic version of the Landau-Ginzburg model)
SAH =
∫
d4x
(
1
4g2
(
F (u)µν
)2
+ |∇(u)µ ϕ|2 + λ
(|ϕ|2 − ζ)2) (54)
with particular value of quartic coupling and electric charge ne = 1/
√
3 of the field ϕ, see (34). The field ϕ
develops VEV (13) |〈ϕ〉|2 = ζ = 3|µm|, therefore U(1) gauge group is broken, or the photon acquires mass
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m2γ = 2g
2ζ/3 while the Higgs mass is equal to m2H = 4λζ. Note, that the photon mass coincides with that of
(41), since the fields A
(u)
µ and A2µ diagonalize the photon mass matrix (40), if it were not so the fields A
(u)
µ and
A2µ would mix leading to contradiction between condition (53) and equations of motion.
Strictly speaking the substitution 〈a3〉 = − 32√2m and 〈a8〉 = −
√
3
2
√
2
m does not satisfy equations of motion
following from (33). In fact VEV’s a3 and a8 (50) get x-dependent corrections of the order of
√
µ/m [7, 14].
However, as we already explained in sect. 3.2 one can neglect this effect in the leading order in µ/m and consider
ζ to be just a constant ζ = 3µm. In this approximation the perturbation term in the superpotential (1) is linear
in a and reduces to the FI F -term which does not break N = 2 supersymmetry in effective QED [7, 14]. As is
explained in detail in [14] the ANO strings in U(1) theory are BPS-saturated in this limit (see also [19]). Below
we use the term ”BPS string” for these ”almost BPS” solutions, they belong to the short N = 2 multiplets
which become long N = 1 multiplets when next to leading order corrections (breaking N = 2 supersymmetry)
are taken into account [14].
Let us now briefly remind the basic features of the BPS ANO strings [11]. For arbitrary λ in (54) the Higgs
mass mH (the inverse correlation length) and photon mass mγ (the inverse penetration depth) are different and
their ratio is important parameter in theory of superconductivity, characterizing the type of superconductor.
Namely, for mH < mγ one has type I superconductor, while for mH > mγ it is of type II, this is related to
the fact that scalar field produces an attraction for two vortices, while the electromagnetic field produces a
repulsion. The boundary separating superconductors of the I and II type corresponds to mH = mγ , i.e. to
special value of quartic coupling λ
λ =
n2eg
2
2
=
g2
6
(55)
This is exactly the value of quartic coupling in (54) we get from the potential (37) using the ansatz (50), (51).
In this case vortices do not interact. It is well known that vanishing of interaction when mH = mγ can be
explained by the BPS nature of the ANO strings. The ANO string satisfies the first order equations and saturate
the Bogomolny bound [11], which can be found from the following representation of string tension T (see (54)),
T = 2πζ |n|+
∫
d2x
{(
1
2g
FIJ ± g
2
√
3
(|ϕ|2 − ζ) ǫIJ
)2
+
1
2
|∇I ϕ± iǫIJ∇J ϕ|2
}
(56)
Here indices I, J = 1, 2 denote coordinates transverse to the axis of the vortex. For positive n we take the upper
sign in (56), whereas for negative n we take the lower sign. The minimal value of the tension is reached when
both positive terms in the integrand of (56) vanish, then the string tension becomes
TBPS = 2πζ |n| (57)
where the winding number n counts the magnetic flux 2πn. The linear dependence of string tensions on n is
consistent with the absence of string interactions.
For the n = 1 case vanishing of the integrand in (56) leads to well-known two first order differential equations
r
d
dr
φ(r) − f(r)φ(r) = 0
−1
r
d
dr
f(r) +
g2
3
(
φ2(r) − ζ) = 0 (58)
(for the positive signs in (56)), where the profile functions φ(r) and f(r) are introduced in a standard way, i.e.
ϕ(x) = φ(r) ei ϑ
A
(u)
I (x) =
√
3ǫIJ
xJ
r2
[f(r) − 1]
(59)
Here r =
√∑
J=1,2 x
2
J is the distance from position of the vortex and ϑ (∂Iϑ = −ǫIJxJ/r2) is polar angle in
transverse to the axis of vortex (1, 2)-plane. The profile functions are real and satisfy the boundary conditions
φ(0) = 0 , f(0) = 1
φ(∞) =
√
ζ , f(∞) = 0
(60)
14
which ensures that scalar field reaches its VEV
√
ζ at infinity and vortex carries one unit of magnetic flux.
Equations (58) with boundary conditions (60) lead to unique solution for the profile functions (although an
analytic form of this solution is not found, though for ζ = 0 the system (58) is equivalent to the ”radial”
Liouville equation). The tension of string with winding number n = 1 is given by particular case of (57)
Tn=1 = 2πζ = 6π|µm| (61)
In N = 2 QED emergence of the first order equations (58) means that some (half) of the SUSY charges of
N = 2 algebra act trivially onto the ANO solution (cf. [16, 17, 18, 14]). In this case the Bogomolny (topological)
bound for the string tension coincides with the central charge of SUSY algebra.
Now let us discuss the embedding of flux (winding) numbers of the string (50), (51), (59) into the Cartan
subalgebra of SU(3) group. Throughout this paper we will use the convention of labeling the flux of a given
ANO string by magnetic charge of the monopole which produces this flux and can be attached to its end 6, this
is possible since both string fluxes and monopole charges are elements of the group π1(U(1)
⊗2) = Z⊗2. This
convention is convenient because specifying the flux of given string we automatically fix the charge of monopole
confined by this string.
The string solution (50), (51), (59) has non-zero A
(u)
µ while A2µ vanishes, i.e. the matrix Aµ for this
configuration looks like
Aµ =
A
(u)
µ√
3


1 0 0
0 −1
2
0
0 0 −1
2

 (62)
It preserves the SU(2) subgroup acting in the 2× 2 right low corner of this matrix. Thus the flux of this string
(charge of the monopole attached to its end) is orthogonal to the root vector α2 (152) (or e2, see fig. 1). Hence,
the string charge vector is proportional to u-quark weight vector on the Cartan plane, µu ∼ µ1. We call this
string u-string and for this reason denote its charge vector qu.
To work out the absolute value of the u-string charge we recall that the Dirac quantization condition in the
r = 1 vacuum with non-zero VEV of the u-quark looks like
quu =
n
2
(63)
Thus for winding number n = 1 one has
qu =
3
2
u (64)
where we use that |u| = ne = 1/
√
3, see (34).
From (64) we see that absolute value of the string charge is |qu| =
√
3/2 and this vector points into the
middle of the side of adjoint hexagon, see fig. 2. Note, that monopole charges (whose positions in the Cartan
plane coincide with the positions of W-boson charges) correspond to the corners of adjoint hexagon. We see
that the component of monopole charge parallel to vector u is confined by the ANO u-string. Moreover, it is
easy to see from fig. 2 that the values of projections of charges of e1 and e0 monopoles onto the u-direction
exactly matches the charge of the u-string. Thus u-string confines u-component of e1 and e0 monopole charges.
This remark can be used as an explanation of rather strange from group theory point of view value of charge
of the u-string lying outside the root lattice of SU(3) group.
However, all monopoles present in the theory (e1, e2 and e0- monopoles) have also non-zero component in
the orthogonal direction to vector u, i.e. along e2. What happens to this component of the monopole charge?
The answer to this question can be found in quantum theory, where the story is a bit more complicated.
As we already explained in sect. 2.2 the SU(2) gauge subgroup is preserved only classically at r = 1 vacua,
and from the Seiberg-Witten exact solution [4, 5] we know that in quantum theory SU(2)-subsector runs into
strong coupling regime where the SU(2) subgroup is never restored; instead, one gets either monopole or dyon
vacuum. Consider, say, the monopole one. At nonzero µ monopole develops VEV of the order of µΛSU(2) and
6This monopole can be a superposition of ”really existing” monopoles in given vacuum as we will see below.
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Figure 2: Strings and different phases in r = 1 vacuum. Black squares correspond to the monopole and quark
states in confinement phase while white squares – to the states in Higgs phase. Vectors qu and q2 = e2/2 label
the (charges of) magnetic and electric strings correspondingly.
this monopole has charge e2, see (14). It means that e2-components of monopole charges are screened by the
condensation of the e2-monopole.
Passing to dual magnetic theory at strong coupling one can also study the formation of the ANO electric
string due to condensation of e2-monopole along same lines as above. It is clear from the Dirac quantization
condition that e2-string arises with the charge q2 = e2/2, see fig. 2. It confines e2-components of d- and
s-quark electric charges while their u-component is screened by the u-quark condensation. Note again, that
e2-components of d- and s¯-quark electric charges exactly coincides with the charge of the e2-string. The electric
e2-string which confines the fundamental charge is very similar to strings at monopole vacua of SU(3) gauge
theory without fundamental matter (labeled by r = 0 in our notations) studied in [15].
To sum up, in each r = 1 vacuum we obtain one BPS magnetic ANO u-string and one BPS electric e2-
string. In other words we have mixed Higgs phase for u-quark and e2-monopole and confining phase for e1- and
e0-monopole as well as for d- and s-quark, see fig. 2.
4.2 Strings in r=2 vacua
Now let us turn to strings in r = 2 vacua. For simplicity we assume, first, the presence of only two quark flavors
with masses m1 and m2 under the same conditions as in sect. 3.3, i.e. we consider s-quark to be heavy and
ignore it in low-energy theory. The VEV’s of all fields are given by (19) and (44), in particular VEV’s of u- and
u˜-quarks are equal to each other as well as VEV’s of d- and d˜-quarks. Therefore, we look for string solutions
using the following ansatz
uA = ¯˜uA = δA,1
ϕu√
2
dA =
¯˜
dA = δA,2
ϕd√
2
(65)
while the fields a3 and a8 in the leading order in µ/m are given by their VEV’s.
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With this ansatz the effective action (33) becomes
S =
∫
d4x
(
1
4g2
(
F (3)µν
)2
+
1
4g2
(
F (8)µν
)2
+ |∇(u)µ ϕu|2 + |∇(d)µ ϕd|2+
+
g2
8
(|ϕu|2 − |ϕd|2 − ξ(1 − ω))2 + g2
24
(|ϕu|2 + |ϕd|2 − ξ(1 + ω))2
) (66)
where we use the same notations as in (34) and (35) while ξ ≡ |ϕu|2 and ω ≡ |ϕd|2/|ϕu|2 are introduced in (46)
and (47) (note that we consider both of them real and positive). Gauge fields A
(u)
µ and A
(d)
µ here as functions
of orthogonal fields A
(3)
µ and A
(8)
µ are given by (35). To study more general case of complex ξ and ω one should
modify ansatz (65) taking into account relative phases of the fields Q and Q˜.
Let us now derive the Bogomolny bound for string solutions in the theory (66). Assuming that all fields
depend only on two spatial coordinates orthogonal to the string axis one can rewrite (66) as follows
T =
∫
d2x
([
1
2g
F
(3)
IJ ±
g
4
(|ϕu|2 − |ϕd|2 − ξ(1 − ω)) ǫIJ
]2
+
+
[
1
2g
F
(8)
IJ ±
g
4
√
3
(|ϕu|2 + |ϕd|2 − ξ(1 + ω)) ǫIJ
]2
+
+
1
2
∣∣∣∇(u)I ϕu ± iǫIJ∇(u)J ϕu∣∣∣2 + 12
∣∣∣∇(d)I ϕd ± iǫIJ∇(d)J ϕd∣∣∣2 ± 1√
3
(
F˜ (u) + F˜ (d)ω
)
ξ
)
(67)
where we introduced (two-dimensional) dual field strength for gauge fields A
(u,d)
µ as F˜ (u,d) =
1
2ǫIJF
(u,d)
IJ . The
upper sign here corresponds to positive total flux, the value of 1√
3
∫
d2x
(
F˜ (u) + F˜ (d)ω
)
, while the lower sign
corresponds to the negative total flux.
The last term in (67) represents exactly the string fluxes while all other positive terms in (67) should be
zero on the BPS solutions, leading to the following first order equations
1
2g
F
(3)
IJ +
g
4
ε
(|ϕu|2 − |ϕd|2 − ξ(1− ω)) ǫIJ = 0
1
2g
F
(8)
IJ +
g
4
√
3
ε
(|ϕu|2 + |ϕd|2 − ξ(1 + ω)) ǫIJ = 0
∇(u)I ϕu + iεǫIJ∇(u)J ϕu = 0
∇(d)I ϕd + iεǫIJ∇(d)J ϕd = 0
(68)
where ε = ± is the sign of total flux.
One can classify possible solutions to these equations by behavior of the fields at spatial infinity in (1, 2)
plane. One type of solutions has nontrivial winding for the u-quark another type has winding for the d-quark
and there are also mixed solutions when both u- and d-quarks wind at infinity.
Let us start with string solutions when only u-quark winds. Assuming for simplicity the unit winding number
one has at x→∞
ϕu ∼ eiϑ
√
ξ
ϕd ∼
√
ωξ
(69)
This behavior requires the following behavior at infinity for the gauge fields
1√
3
A
(u)
I →r→∞ ∂Iϑ (70)
and
A
(d)
I →r→∞ 0 (71)
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which ensures finite contribution to string tension coming from kinetic terms of u- and d-quarks. Such behavior
at infinity means that the flux of the field A
(d)
µ vanishes while the flux of the A
(u)
µ field is
1√
3
∫
d2xF˜ (u) = 2π (72)
for unit winding number, then representation (67) for the BPS string tension gives
T1 = 2πξ = 4π |µ(2m1 +m2)| (73)
To implement conditions (71) let us rotate the gauge fields A
(3)
µ , A
(8)
µ to another orthogonal combinations A
(d)
µ
(given by (35)) and A1µ (the component along the vector e1) as
A1µ =
1
2
A(3)µ +
√
3
2
A(8)µ
A(d)µ = −
√
3
2
A(3)µ +
1
2
A(8)µ
(74)
and rewrite our first order eqs. (68) in terms of these fields.
The behavior at infinity (69)-(71) suggests that one can look for a solution in terms of the following profile
functions
ϕu(x) = φu(r)e
i ϑ, ϕd(x) = φd(r)
A1I(x) = 2ǫIJ
xJ
r2
[f1(r) − 1], A(d)I (x) =
√
3ǫIJ
xJ
r2
fd(r)
(75)
Note, that the charge of u-quark with respect to A1µ field is ne = 1/2, while the charge of d-quark with respect
to A
(d)
µ is ne = 1/
√
3, which exactly corresponds to the coefficients in (75). With this substitution the first
order equations (68) turn into the system of four first-order nonlinear differential equations
r
d
dr
φu(r)− f1(r)φu(r) + 1
2
fd(r)φu(r) = 0
r
d
dr
φd(r)− fd(r)φd(r) = 0
−1
r
d
dr
f1(r) +
g2
4
(
φu(r)
2 − ξ) = 0
−1
r
d
dr
fd(r) +
g2
3
(
φd(r)
2 − 1
2
φu(r)
2 +
1
2
ξ − ωξ
)
= 0
(76)
The reason why the fields ϕd −
√
ωξ and A
(d)
µ with trivial behavior at infinity cannot be simply put to zero is
mixing between ϕu, A1µ and ϕd, A
(d)
µ since the fields ϕu and A1µ which wind at infinity are not eigenvectors of
the mass matrix (45). In other words (76) does not have nontrivial solutions with fd ≡ 0 and φd ≡
√
ωξ (which
is a naive ansatz suggested by the boundary conditions (69), (71)).
First order equations (76) should be supplemented by the boundary conditions which ensure that quark
fields go to their VEV’s at infinity, u-quark field has no singularity at r = 0 (φu(0) = 0) and A1µ field carries
flux equal to 2π (f1(0) = 1).
Now let us discuss the charges of our string. Since A
(d)
µ goes to zero at infinity the gauge field matrix looks
like
Aµ →
r→∞
A1µ
2


1 0 0
0 0 0
0 0 −1

 (77)
at infinity. Eq. (77) means that the charge of string is directed along the root α12 ∼ e1 in the Cartan algebra.
Its charge vector should satisfy the Dirac quantization condition q1u = 1/2 (u-quark winds) which gives
q1 = e1 (78)
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Figure 3: Lattice of string solutions in r = 2 vacuum. We have specified explicitly (1, 0) = e1, (0, 1) = e2,
(1,−1) = e0, (1, 1) = e1 + e2 and (2,−1) ≡ 2u strings.
This is the reason why we call this string e1-string. Its charge is directed to the upper right corner of the adjoint
hexagon, see fig. 3.
In a similar way one can consider the string solution when d-quark winds at infinity, while u-quark field runs
to its VEV. This gives us e2-string with charge vector directed to the upper left corner of the adjoint hexagon,
see fig. 3. The easiest way to describe this string is to use another set of orthogonal gauge potentials A2µ and
A
(u)
µ related to A1µ and A
(d)
µ by
A(u)µ =
√
3
2
A1µ − 1
2
A(d)µ
A2µ =
1
2
A1µ +
√
3
2
A(d)µ
(79)
The behavior at infinity of e2-string is given by
ϕd(x) = φd(r) e
i ϑ, ϕu(x) = φu(r)
A2I(x) = 2ǫIJ
xJ
r2
(f2(r) − 1) , A(u)I (x) =
√
3ǫIJ
xJ
r2
fu(r)
(80)
The profile functions here satisfy equations and boundary conditions similar to (76). The tension of the e2-string
is given by
T2 = 2πωξ = 4π |µ(2m2 +m1)| (81)
and this string, if exists, is also BPS saturated.
In general, one can also consider string solutions when both u- and d-quarks wind. Let us fix some basis,
say, the potentials A1µ and A
(d)
µ (74) and introduce the profile functions for the string when u-quark winds
n times and d-quark winds k times (to be denoted as (n, k)-string since its charge in our normalization is
qn,k = ne1 + ke2) defined as
ϕu(x) = φu(r) e
inϑ, ϕd(x) = φd(r)e
ikϑ,
A1I(x) = 2εǫIJ
xJ
r2
(f1(r) − f1(0)) , A(d)I (x) =
√
3 εǫIJ
xJ
r2
(fd(r) − fd(0))
(82)
19
These profile functions satisfy the first order equations (76), the only modification is due to the extra sign factor
ε in (82) which accounts for possible positive or negative total flux
ε = εn,k =
n+ ωk
|n+ ωk| = sign(n+ ωk) = ±1 (83)
The boundary conditions for profile functions of (n, k)-string read
φu(0) = 0, φd(0) = 0, φu(∞) =
√
ξ, φd(∞) =
√
ωξ (84)
for the scalar fields and
f1(0) = εn,k
(
n+
k
2
)
, fd(0) = εn,k k, f1(∞) = 0, fd(∞) = 0 (85)
for the gauge fields. The boundary condition for f1(0) is easy to derive from fu(0) = εn,k n using relations (79).
From the boundary conditions (85) and two first equations of (76) one immediately finds the leading behaivior
of the profile functions at r→ 0
φu(r) ∝
r→0
rf1−fd/2 = rǫn,kn
φd(r) ∝
r→0
rfd = rǫn,kk
(86)
which means that nonsingular at the origin solutions to the BPS first-order equation exist only for both n and
k either positive or negative simultaneously (dependently on the sign of ǫn,k).
The tension of (n, k)-string is given again by last term in the representation (67) and reads
Tn,k = 2πξ|n+ ωk| = 4π |µ (n(2m1 +m2) + k(2m2 +m1))| (87)
The lattice of possible BPS (n, k)-strings is shown in fig. 3; e1-string is identical to (1, 0)-string while e2-string
is nothing but (0, 1)-string. There is one more string whose charge belongs to the adjoint hexagon, namely the
(1,−1)-string (to be called also e0-string in what follows), see fig. 3. As is clear from fig. 3, e1-string can be
considered as a bound state of e0 and e2-string, which exactly corresponds to decomposition of the root α12
into linear combination of the simple roots α1 and α2, see fig. 1. It is clear, thus, that string charges are labeled
by (normalized to unity) root vectors of the SU(3) root lattice. We will return to this question in sect. 5, where
we study which of the BPS (n, k)-strings exist as solutions to the first order equations (76) and which among
them are stable. Here we conclude by considering certain special cases in which some of (n, k)-strings becomes
ANO strings and equations (76) reduce to ANO equations (58) with one gauge and one scalar potential.
Consider, first, the simplest example of this kind with both quarks having unit winding number, namely the
(1, 1)- or (e1 + e2)-string. This string can be considered as bound state of e1- and e2-strings. If this bound
state exists and saturates the Bogomolny bound then (87) suggests for its tension
T1,1 = 12π |µ(m1 +m2)| (88)
Now let us give some evidence that this BPS string indeed exists. Consider the special value of parameter (47)
ω = 1, then VEV’s of u- and d-quarks are equal. The string solution can be easily constructed with the only
component of gauge field A
(8)
µ being non-zero (putting A
(3)
µ = 0) and one complex scalar field introduced via
ϕu = ϕd =
ϕ√
2
(89)
With this ansatz the theory (66) reduces to standard Abelian Higgs model of type (54) with equal values for
photon and scalar masses mγ = mH = g
2ξ/3 and this model obviously possesses the BPS ANO string solution.
This mass of the Abelian Higgs model coincides with the eigenvalue of the photon mass matrix, corresponding
to Ω = 2/3, see (48), (49). This is one of possible explanations why a single gauge potential and single scalar
field appear in the string solution at ω = 1: gauge field A
(8)
µ and scalar (89) correspond to eigenvectors of gauge
and scalar mass matrices.
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One can reach the same conclusion directly from equations (76). Substituting the ansatz φu = φd and
f1 = 3/2 fd (this is consistent with boundary conditions (85) because f1(0) = 3/2 and fd(0) = 1 for (1, 1)-
string) we see that four equations (76) at ω = 1 reduce exactly to the system of two ANO equations (58), under
the following modifications: the r = 1 parameter ζ is replaced by the r = 2 parameter ξ and the coefficient in
front of the second term in the last equation of (58) replaced by m2γ/2ξ = g
2/6 for ω = 1.
Now let us move parameter ω away from ω = 1. It is clear that under continuous deformation string solution
cannot disappear or become non-BPS state, since BPS string belongs to a short multiplet which cannot turn
into long one without breaking of some amount of supersymmetry (the number of states cannot jump). Thus,
at least at some region of values of parameter ω we expect existence of the BPS (e1 + e2)-string, we specify
this region in sect. 5.3. where more detailed analysis of the nature of (n, k)-strings and their stability, based
on study of string interactions, will be presented. One may also use more direct evidence based on numerical
simulations (we have done this using the MAPLE program) of the BPS first order equations (76) 7.
To conclude this section note, that electric flux tubes quite similar to our magnetic (n, k)-strings were found
in N = 2 SU(3) theory without fundamental matter at strong coupling vacua [15]. These strings appear due
to the condensation of monopoles/dyons and their charges should be associated with the (normalized) weight
lattice on the Cartan plane instead of (normalized) root lattice which arises for our magnetic strings. Strings
of this type are often called Z3 strings when studied directly in the underlying non-Abelian SU(3) theory, see
[20, 21, 22, 23, 24, 25].
4.3 BPS formula for the string tensions
In this section we rewrite the mass formulas for the BPS strings studied in previous sections in a form which is
more familiar for the BPS objects. Tensions of BPS strings are given by central charges of N = 2 SUSY algebra
[16, 17, 18, 14]. They have general structure
TBPS = 2π|qsf | (90)
where, in our particular case, qs is the charge vector of a given string in the Cartan plane (see fig. 2 and fig. 3)
and f is the generalized vector parameter of the FI F -term, which can be defined as
f = −4µφ (91)
where (see (31), (151) and (152))
φ = φ1α12 + φ2α2 =
√
2(φ1e1 + φ2e2) (92)
where φ1 and φ2 are the corresponding components of the VEV’s of the adjoint scalar matrix (6) in given
vacuum. In the orthogonal basis of fields a3 and a8 they are equal to (see (31))
φ1 =
1
2
(
a3 +
a8√
3
)
, φ2 =
1
2
(
−a3 + a8√
3
)
(93)
Let us now show that (90) indeed gives correct tensions for all BPS strings considered before. Start with r = 1
vacua, from (11) one finds that
φ = −m
(
e1 − e2
2
)
(94)
In r = 1 vacuum we have only u-string with the charge 32u, see (64). For this particular string (90) gives
Tu = 8π
∣∣∣∣32µm u
(
e1 − e2
2
)∣∣∣∣ = 6π|µm| (95)
which coincides with (61). Now consider r = 2 vacuum, where one has (see (18))
φ = −m1e1 −m2e2 (96)
7We tried to use the string solution in monopole vacuum presented in [15], but unfortunately it does not seem to satisfy all four
eqs.(76).
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thus, for the (n, k)-string formula (90) gives
Tn,k = 8π|µ(ne1 + ke2)(m1e1 +m2e2)| = 4π |µ (n(2m1 +m2) + k(2m2 +m1))| (97)
and this result coincides with (87). The BPS formula (90) is valid in the limit µ→ 0, ξ ∼ µmA = const, when
one can neglect breaking of N = 2 SUSY in effective QED (33) and it assumes also the weak coupling regime
|mA| ≫ Λ.
We conclude this section noting that masses of W-bosons are also determined by the BPS formula, following
from (7)
mW =
√
2|αWφ| = 2|qWφ| (98)
where qW is the (normalized) charge of corresponding W-boson in the Cartan plane. In particular, it means
that tensions of e0-, e1- and e2-strings which belong to the adjoint hexagon are proportional to the masses of
corresponding W-bosons at least at weak coupling when mW ≫ Λ. Indeed, charge vectors qs of the e0-, e1-
and e2-strings coincide with the charges qW of related W-bosons, and comparing (90) with (98) we see that
tensions of all strings are proportional to the masses of corresponding W-bosons.
5 (n,k)-strings
In this section we address the question of existence and stability of (n, k)-strings in r = 2 vacua studying their
interactions at large distances. This allows us to see which strings attract each other and form stable bound
states and which do not interact so that their bound state is only marginally stable. First, we consider the
interaction of the ANO strings in order to develop necessary technique and then turn to the interactions of
(n, k)-strings.
5.1 Interactions of ANO strings
Let us first develop the method of effective vertex to calculate the interactions of ANO strings. This method is
well-known in instanton physics and is used there to calculate instanton interactions [26, 27, 28, 29]. Here we
generalize it to the case of solitonic ANO strings (it also can be easily generalized to any solitonic branes).
Transform the scalar and gauge fields of the ANO string from the ”regular” into ”singular” gauge making
the U(1) gauge transformation with exp (−iϑ), where ϑ is polar angle in the (1, 2) plane orthogonal to the
string. This gauge transformation is singular at r = 0 so now the topological charge of the string (flux) comes
from small circle around the origin instead of the large circle at r →∞, and in this gauge the substitution (59)
turns into
ϕ(x) = φ(r)
AI(x) =
εn
ne
ǫIJ
xJ
r2
f(r)
(99)
where the dependence on arbitrary electric charge ne is restored. Here profile functions φ(r) and f(r) satisfy
the ANO first order equations (cf. with (58))
r
d
dr
φ(r) − f(r)φ(r) = 0
−1
r
d
dr
f(r) + n2eg
2
(
φ(r)2 − ξ) = 0 (100)
and boundary conditions
φ(0) = 0, f(0) = |n|
φ(∞) =
√
ξ, f(∞) = 0
(101)
were n is integer winding number, while
εn =
n
|n| = sign(n) (102)
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Using equations (100) which determine the exponential fall-off of the functions f and φ − √ξ at infinity,
corresponding to the Yukawa behavior in two transverse dimensions, we get for the large r asymptotic
ϕ(x) =
√
ξ
(
1− cn√
mγr
e−mγr + · · ·
)
AI(x) =
εncn
ne
ǫIJ
xJ
r2
√
mγr e
−mγr + · · ·
(103)
where cn is the coefficient to be fixed below, while εn is given by (102), both cn and εn depend on the winding
number n. We will also need the behavior of the (two-dimensional) dual field strength F˜ = 12ǫIJFIJ at the
infinity in two-dimensional plane (1, 2), and from (103) one finds
F˜ =
εncnm
2
γ
ne
e−mγr√
mγr
+ · · · (104)
Now let us work out the effective vertex for the ANO string. This vertex once added to the tree level QED
action (e.g. (54)) should reproduce all effects of presence of the ANO string in the framework of perturbation
theory (see [26, 27, 28, 29]). For the string with winding number n we propose the following form 8 (up to the
overall normalization factor)
V ANOn =
∫
DX(σ) exp
{
−
∫
d2σ2
√
2πcn
[
ϕ¯ϕ(X(σ)) +
εn
2neg2
Fµν(X(σ))nµν
]}
(105)
where fields ϕ and Fµν are considered as functions of string co-ordinates X(σ). We also introduced here
an antisymmetric tensor nµν(X(σ)) orthogonal to the string world-sheet at the point X(σ). For the case
of the straight string at rest directed along the third axis nµν = 0 for µ or ν = 0, 3, while nIJ = ǫIJ for
µ, ν = I, J = 1, 2. Note, that here we use static parameterization for the string world-sheet, σ1 = t and σ2 = x3,
in other words
nµν =
1
2
ǫIJ
∂Xα
∂σI
∂Xβ
∂σJ
ǫµναβ (106)
and this interaction is nothing but well-known interaction of string with antisymmetric tensor B-field B = ∗F .
To check the expression for the effective vertex (105) let us calculate the correlation function
〈ϕ(x) . . . F˜ (y) . . .〉string (107)
in the string background assuming that all points x’s and y’s are far from the axis of the string at X(σ). On
one hand this correlation function can be calculated in semiclassical approximation just substituting classical
expressions (103) for the scalar and gauge fields at large distances from the string axis into the correlation
function (107), on the other hand the same correlation function can be calculated in perturbation theory as
〈ϕ(x) . . . F˜ (y) . . . V ANOn 〉 (108)
once the effective vertex V ANOn is added to the tree level QED action, and this should give rise to the same
result as a substitution of classical fields.
To see this expand scalar field around its VEV ϕ =
√
ξ + δϕ and write down the bilinear in scalar fields
term in the exponential in (105) as
ϕ¯ϕ = ξ +
√
ξδϕ¯+
√
ξδϕ+ . . . (109)
Consider, first, the linear in quantum fluctuations terms. Expanding the exponential in (108) in δϕ¯ and in F˜ we
calculate the correlation function (108) to the leading order in coupling constant using the tree level propagator
〈δϕ(x)
∫
d2σδϕ(X(σ))〉 = 1
2π
K0(mγr) →
r→∞
1
2
√
2π
e−mγr√
mγr
+ . . . (110)
8In what follows we are going to keep only bosonic background fields in our expressions for the string interaction, the fermionic
terms can be restored by supersymmetry, similar to the instantonic case, see for example [29].
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for the massive scalar and
〈F˜ (x)
∫
d2σF˜ (X(σ))〉 = − g
2
2π
∂2
∂r2
K0(mγr) →
r→∞
− g
2m2γ
2
√
2π
e−mγr√
mγr
+ . . . (111)
for the massive vector field, where r is the distance between point x and position of string in (1, 2) plane. These
correlation functions are nothing but propagators of two-dimensional theory rewritten in four dimensional
notations.
The quadratic in quantum fluctuations term in (109) cannot be verified using just tree level approximation
(110), (111), since it is next to leading effect in coupling constant. Still one can restore the quadratic dependence
on field ϕ in the exponential in (105) observing that full effective vertex can depend only on fields ϕ¯ and ϕ
rather than upon their VEV’s. The result looks a bit surprising from the point of view of string theory, and
the origin of this quadratic dependence is that in our picture string tension T = (2πα′)−1 is ”dynamical” and
determined, in contrast to the fundamental string theory, by condensate of a scalar field.
Let us now determine the constant cn. Ignoring quantum fluctuations in (105) and substituting the scalar
field by its VEV
√
ξ one gets 2
√
2πcnξ in the exponential in (105), which should be equal to string tension
2πξ|n| (cf. (57)); that gives
cn =
√
π
2
|n| (112)
Substituting this into (105) we finally obtain
V ANOn =
∫
DX(σ) exp
{
−2π|n|
∫
d2σ
[
ϕ¯ϕ(X(σ)) +
εn
2neg2
Fµν(X(σ))nµν
]}
(113)
and the effective partition function of low-energy QED is now given by
Z =
∫
DAµDϕ¯Dϕ exp
(
−SQED −
∑
n
V ANOn
)
(114)
The effective vertex in the exponent allows to have many strings with different winding numbers, hence theory
in (114) should be treated perturbatively since non-perturbative effects (strings) are already taken into account
explicitly.
Let us now use the effective vertex (113) to compute the interaction potential of two straight static strings
directed along the third axis at large separation R in (1, 2) plane. Expanding exp
(−∑n V ANOn ) in powers of
V ANOn we keep only the term V
ANO
n1 V
ANO
n2 , related directly to the interaction potential of strings U1,2 via
〈V ANOn1 V ANOn2 〉 =
∫
DX1(σ)DX2(σ)e
−U1,2V2 (115)
where X1(σ) and X2(σ) correspond to two strings while V2 is the volume of the two dimensional space in
(0, 3)-plane. Using the propagators (110) and (111) to calculate the correlation function in the l.h.s. of (115)
we finally obtain
U1,2 = −(2π) 32 ξ|n1||n2| e
−mγR√
mγR
[1− ε1ε2] (116)
where ε1, ε2 refers to the signs of winding numbers (102) of two strings.
We see that potential of string interactions has exponential fall-off at large separations R. The first term in
square brackets comes from the exchange by scalar field, and it always gives the attractive contribution to the
potential. The second term comes from the photon exchange and its sign depends on the relative signs of n1
and n2. If n1n2 > 0 this term gives repulsion which cancels attraction produced by scalar exchange, which is, of
course, a well known result – the BPS ANO strings do not interact. If, however, n1n2 < 0 (which corresponds
to string-antistring interactions) the photon exchange also gives an attraction. Thus the total string-antistring
interaction potential is always attractive.
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Let us conclude this section presenting the effective vertex of the ANO string which takes into account its
motion. It is clear that such generalization of (113) has the form
V ANOn =
∫
DX(σ) exp
(−Sstringn )
Sstringn = 2π|n|
∫
d2σ
[√
det gind ϕ¯ϕ(X(σ)) +
εn
2neg2
Fµν(X(σ))nµν
] (117)
Here gind is the determinant of the induced metric given by
gindIJ =
∂Xµ
∂σI
∂Xµ
∂σJ
(118)
and interaction with B-field is defined in (106). Besides the usual Nambu-Goto term the string action contains
also higher derivative terms omitted in (117). The effective action (117) takes into account interactions of the
bulk fields Aµ and ϕ with the two-dimensional ”field” Xµ(σ) living on string world sheet.
5.2 Interactions of (n,k)-strings
In this section we apply the effective vertex method to calculate the interaction potential of (n, k)-strings in
r = 2 vacua. First, from the first order equations (76) we get the behavior of the fields φu(r), φd(r) and f1(r),
fd(r) at infinity
φu(r) =
r→∞
√
ξ
(
1− cn,k e
−mγr
√
mγr
+ · · ·
)
φd(r) =
r→∞
√
ωξ
(
1 + cn,k
2
3(Ω− 43ω)
e−mγr√
mγr
+ · · ·
)
F˜1(r) =
r→∞
εn,kcn,k
2m2γ
Ω
e−mγr√
mγr
+ · · ·
F˜d(r) =
r→∞
−εn,kcn,k
2m2γ√
3(Ω− 43ω)
e−mγr√
mγr
+ · · ·
(119)
where cn,k will be determined below, while sign factors εn,k are given by (83). In (119) we use the singular
gauge and expressions for dual field strengths F˜1, F˜d related to f1, fd via
F˜ = −εn,k
ner
∂f(r)
∂r
(120)
where ne =
1
2 and ne =
1√
3
for f1 and fd respectively.
Clearly the leading asymptotic behavior in (119) is determined by the lightest gauge and scalar fields so the
photon mass in (119) coincides with smaller eigenvalue in formulas (48), (49), i.e. mγ = (mγ)− and Ω = Ω−.
In fact (119) already determines the relation between the fields ϕu, ϕd, F˜1 and F˜d and eigenvectors of the mass
matrix (45) ϕ(−), ϕ(+), F˜ (−) and F˜ (+)
δϕu = cosβϕδϕ
(−) + sinβϕδϕ(+)
δϕd = − sinβϕδϕ(−) + cosβϕδϕ(+)
(121)
and
F˜1 = cosβF F˜
(−) + sinβF F˜ (+)
F˜d = − sinβF F˜ (−) + cosβF F˜ (+)
(122)
since βϕ and βF are determined by ratios of the coefficients in front of leading asymptotics in (119)
tanβϕ =
2
3
√
ω
Ω− 43ω
tanβF =
1√
3
Ω
Ω− 43ω
(123)
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Of course, the same relations can be derived directly by diagonalization of the corresponding mass matrices,
see sect. 3.3. Using these formulas and asymptotic behavior in (119) for the lightest scalar and vector fields at
large r, one gets
δϕ(−)(r) = −cn,k
√
ξ
cosβϕ
e−mγr√
mγr
+ · · ·
F˜ (−)(r) = εn,kcn,k
2m2γ
ΩcosβF
e−mγr√
mγr
+ · · ·
(124)
It is clear that the effective vertex for (n, k)-string would effectively depend in the leading order only upon the
lightest scalar and gauge fields ϕ(−) and A(−)µ since only these fields determine the large r behavior of string
interaction. Following the same steps leading to effective vertex for the ANO string in sect. 5.1 and using again
the propagators (110), (111) we arrive to the following expression
Vn,k ∼
∫
DX(σ) exp
{
−
∫
d2σ2
√
2πcn,k
[ √
ξ
cosβϕ
(
δϕ¯(−) + δϕ(−)
)
+
εn,k
g2ΩcosβF
F (−)µν nµν + . . .
]}
(125)
up to normalization factor. Let us finally fix the constants cn,k here. To do this rewrite expression (87) for the
string tension in the form
Tn,k(ϕ) = 2π
∣∣n|ϕu|2 + k|ϕd|2∣∣ (126)
Expanding in (126) the scalar fields around their VEV’s one can extract the linear term in δϕ(−) using relations
(121). Comparing it with the expression linear in δϕ(−) in the exponent in (125) we find for the coefficients cn,k
cn,k = εn,k
√
π
2
cos2 βϕ
(
n− k tanβϕ
√
ω
)
(127)
Substituting this back to (125) and taking into account (126) we finally arrive to the following effective (n, k)-
string vertex
Vn,k =
∫
DX(σ) exp
{
−2π
∫
d2σ
[√
det gind
∣∣n|ϕu|2 + k|ϕd|2∣∣
+
cos2 βϕ
g2ΩcosβF
(
n− k tanβϕ
√
ω
)
F (−)µν nµν + . . .
]}
,
(128)
where, as in (117) we have already taken into account motion of string. Here only F
(−)
µν enter the exponential
because only this component survives at large distances. However, on general grounds it is natural to expect
that the effective vertex depend on the following combination of two gauge fields: qn,kFµν , where we defined
vector field strength as
Fµν = e1F1µν + d
√
3F (d)µν . (129)
Taking this into account we can conjecture that the effective vertex has the form
Vn,k =
∫
DX(σ) exp
{
−2π
∫
d2σ
[√
det gind
∣∣n|ϕu(X(σ))|2 + k|ϕd(X(σ))|2∣∣
+
1
g2Ω
cos2 βϕ
cos2 βF
qn,k · Fµν(X(σ))nµν
]} (130)
Exponential here depends only on the component of the field strength, directed along the charge qn,k of the
(n, k)-string. The extra piece that appears in (130) as compared to (128) associated with F
(+)
µν component of
the gauge field and do not contribute at large distances. We are not going to use the effective vertex in the
(conjected) form (130) below and write it down only in the sake of completeness.
Let us finally compute the interaction potential of strings at large distances, technically for this purpose it is
easier to use effective vertex in the form (125). Expanding exp
(
−∑n,k Vn,k) in powers of Vn,k we keep again
only the term 〈Vn1,k1Vn2,k2〉. Calculation of this correlation function to the leading order in coupling constant
using tree level propagators (110), (111) leads to the following interaction potential of (n, k)-strings
U1,2 = −16
3
√
2πξc1c2
(Ω− ω)2 + 13ω2
Ω(Ω− 43ω)2
e−mγR√
mγR
[1− ε1ε2] (131)
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where c1 ≡ c(n1,k1) for (n1, k1)-string and c2 ≡ c(n2,k2) for (n2, k2)-string are given by (127). Quite similar to the
case of ANO strings the first term in square brackets here comes from the exchange by two scalars ϕu and ϕd and
this interaction always gives rise to attractive potential. The second term arises due to exchange by two photons
A1µ and A
(d)
µ , the sign of this contribution is determined by product of the sign factors (83) for two strings.
In particular, for (n1 + ωk1)(n2 + ωk2) > 0 the photon exchange gives repulsion which cancels the attraction
produced by the scalar exchange and in this case strings do not interact. If instead (n1 + ωk1)(n2 + ωk2) < 0
the interaction potential is attractive so that two strings form a stable bound state.
5.3 Lattice of (n,k)-strings
Now let us use the interaction potential (131) to verify the existence and stability of the (n, k)-string solutions.
We are going to determine which strings among the solutions to the BPS first order equations (76) are stable
and which do not exist as BPS states. The similar approach was used in [30, 31] to study BPS soliton states in
two dimensions and various dyon states in Seiberg-Witten theory.
Suppose first, one has two BPS strings (n1, k1) and (n2, k2) with (n1+ωk1)(n2+ωk2) > 0. Then according
to (131) these strings do not interact, it means that the bound state of these strings (n1 + n2, k1 + k2) exists
as a BPS solution to the first order equations (76) but it is only marginally stable. The tension of this string is
given according to (87) by sum of the tensions of its ”components”
T1⊕2 = T1 + T2 (132)
where Ts ≡ T(ns,ks) 9. If instead (n1 + ωk1)(n2 + ωk2) < 0, two components attract each other and form a
stable bound state. However we do not know a priori if this bound state is BPS saturated or not, all we know
is that its tension is within the bounds
|T1 − T2| < T1⊕2 < T1 + T2 (133)
where the lower bound is given by the BPS formula (87) while the upper bound follows from the potential (131).
From (83) we see that interaction of strings depends on the value of parameter ω. Therefore let us first
distinguish physically different regions for this parameter. The masses of W-bosons are classically given by (98)
and, as follows from (7), (18) and (47), they are proportional to
|Mz| ,
∣∣∣∣Mz
∣∣∣∣ ,
∣∣∣∣M
(
z − 1
z
)∣∣∣∣ (134)
where instead of m1 and m2 we have introduced new variables M and z defined by
M2 = (2m1 +m2)(2m2 +m1)
z2 = ω
(135)
One can see from (134) that at special values ω = 0, ω = 1 and ω =∞ one of the W-boson masses vanishes and
it corresponds to the restoration of corresponding SU(2) gauge subgroup. However, as we mentioned before this
is correct only classically and in quantum theory the SU(2) subgroups are never restored for the theories with
Nf < 4 (in the next section we consider the theories with four and five flavors where the SU(2) subgroup is
restored at ω = 1). Instead the SU(2)-subsector runs into strong coupling and W-bosons never become massless
[4, 5]. Hence, it is clear that three regions around values ω = 0, 1 and ∞ are in fact strongly coupled and we
cannot use our semiclassical analysis there, therefore one has two separated weak coupling regions
0 < ω < 1 and 1 < ω <∞ (136)
and we cannot pass from one region to another within weak coupling regime keeping real ω. However, in
the effective low-energy Abelian theory these three points look differently: at ω = 0 and ω = ∞ one of the
9Note that we restrict ourselves only to real and positive values of parameter ω (47). For complex ω one would have far more
complicated lattice of (n, k)-strings. In particular the mass formula (87) suggests that we probably can have stable BPS bound
states at complex ω which then decay at real ω. Thus the surface Imω = 0 should be the curve of marginal stability (CMS) for
these bound states.
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Figure 4: Lattice of string solutions for 0 < ω < 1. The non-BPS strings are drawn by white dots while the BPS
strings are depicted by black dots. All BPS strings are marginally stable bound states of ”fundamental” e1-
and e2-strings, corresponding to two ”closest” roots of SU(3) algebra. The non-BPS strings can be ”crossed”
by straight line n+ ωk = 0 or e(ω) when one moves parameter ω in the region 0 < ω <∞.
photons becomes massless (see (49)), which is not true for ω = 1. In fact, in theory with classically restored
SU(2) subgroup value ω = 0 (ω = ∞) corresponds to the Argyres-Douglas point [32, 33, 34, 35] where the
monopole/dyon vacuum (r = 1 vacuum) collides with charge vacuum (r = 2). Thus the values ω = 0 and
ω =∞ correspond to strong coupling even in the Abelian low energy theory. On the contrary, nothing special
happens in the Abelian theory (33) at ω = 1, the low energy theory does not ”feel” the restoration of SU(2)
subgroup. This means that in the low energy description we have only one region 0 < ω < ∞ instead of two
regions (136).
Consider the straight line n+ωk = 0 as is shown on the lattice of (n, k)-strings on fig. 4. This line is directed
along the vector
e(ω) = ωe1 − e2 (137)
orthogonal to the vector φ, see (96). If charges of two BPS strings are both on the same side out of the line
n+ωk = 0 then, according to (131) and (83), these strings do not interact and form marginally stable state. If
instead they are from the opposite sides of this line, they attract each other and form a stable bound state.
At ω = 0 the straight line e(ω) is directed along e2 and as we increase ω moves anti-clockwise reaching the
vector e0 at ω = 1, see fig. 4. Moving it further, one reaches the vector e1 at ω =∞. As the line directed along
the vector e(ω) hits any knot on the root lattice the BPS formula (87)
TBPSn,k = 2πξ|n+ ωk| (138)
gives zero for the BPS bound of corresponding string. Thus if within the two 2π/3 angles between the vectors
−e2 and e1 (e2 and −e1) on fig. 4 (see also ”shadowed” regions at fig. 5, where this sector is shown explicitly)
all stings were BPS saturated one would get infinitely many strings becoming tensionless. To avoid this we have
to accept that all these strings are actually non-BPS states at real positive ω (cf. [31]). This is in accordance
with our conclusion that BPS solutions exist only if n and k are both positive or negative, see (86).
Thus, one gets the following picture for the (n, k)-strings: e1- and e2-strings (−e1 and −e2), with charges
proportional to the two closest roots on the SU(3) root lattice (see fig. 1) are the lightest BPS stable ”elementary”
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Figure 5: Different values of the parameter ω. Values 0 < ω < 1 are restricted by straight lines ω = 0 along the
vector e2 and ω = 1 along e0, values ω > 1 are between the lines ω = 1 along e0 and ω = ∞, which is along
the vector e1.
strings. Both strings are from the same side of the line n+ ωk = 0, see fig. 4. Therefore all strings within two
π
3 angles between vectors e1 and e2 (−e1 and −e2) labeled by black circles at fig. 4 exist as a BPS solutions of
(76) but they are marginally unstable. Instead all strings labeled at fig. 4, by white circles can be considered as
bound states of qe1 and −pe2 strings (where q, p are integers and qp > 0), which are from different sides of the
line n+ ωk = 0. In this case the components are in attractive channel, hence, the composite strings are stable,
but as we showed before they are not BPS saturated.
Note as an additional check that (1, 1) string is BPS marginally stable state. This is in complete agreement
with our discussion at the end of sect. 4.2 where we have shown that this string should exist as a BPS solution
of (76) in some region around ω = 1. Note also that e1 and e2 strings in fact do not become tensionless at
ω = 0 and ω =∞ respectively as suggested by BPS formula (138). As we already mentioned ”boundary” values
ω = 0 and ω =∞ corresponds to strong coupling where one of the photons becomes massless and classical BPS
mass formulas should be modified.
Note also that there is a hidden symmetry of a W-boson spectrum (134) 10
M = fixed
z → 1
z
(139)
and let us check now that the spectrum of light particles in r = 2 vacuum also respects this symmetry. The
eigenvalues of mass matrix are given by eqs. (48), (49), and in terms of variables (135) they get the form
(m2γ)± =
2
3
g2µM
(
1
z
+ z ±
√
1
z2
− 1 + z2
)
(140)
10This symmetry is very similar to a symmetry in Toda chain integrable system, which has already appeared in the context of
SUSY gauge theories as an elegant way to formulate the Seiberg-Witten exact solution [36].
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Therefore we conclude that the low energy spectrum is also invariant under the symmetry (139). Now consider
the spectrum of BPS (n, k) strings given by (138), which in terms of M and z (135) reads
TBPSn,k = 4πµM
∣∣∣n
z
+ kz
∣∣∣ (141)
We see that it is indeed invariant under transformation (139) together with exchange in the string quantum
numbers
(n, k)↔ (k, n) (142)
To conclude this section let us sum up the picture of the monopole confinement at r = 2 vacuum. The
e1-monopole-antimonopole pair is confined by the e1-string, while e2-monopole-antimonopole pair is confined
by the e2-string. The e0-monopole-antimonopole pair is confined by the e0-string which is stable bound state
of e1- and −e2-strings. We see that one gets three monopole-antimonopole meson states instead of one. As we
have already explained, this ”multiplicity” reflects the Abelian nature of confinement in Seiberg-Witten theory.
For generic values of ω the masses of all three mesons are different (they are determined by different values of
string tension).
Finally, let us note, that we predict presence of the non-BPS stable strings which can be considered as bound
states of ”elementary” BPS strings in attractive channel. These strings can form an ”exotic” multi-monopole-
multi-antimonopole mesons. The example of such string is (-1,2) string which is a stable non-BPS bound state
of (−e0)- and e2-string. This string bound e2-monopole and e0-antimonopole with e2-antimonopole and e0-
monopole to form an ”exotic” meson. Presence of these ”exotic” mesons also reflects the Abelian nature of
confinement in Seiberg-Witten theory [37, 14]. However, we do not expect such states to appear in theory with
non-Abelian confinement.
6 SU(2) gauge symmetry restoration in the theory with four and
five flavors
Finally, let us turn to the most physically interesting examples – the SU(3) gauge theory with Nf = 4 and
especially Nf = 5 flavors. As we already explained, the motivation to study such theories is that at certain
submanifolds in their moduli space non-Abelian SU(2) gauge symmetry is restored and one can study what
happens to confinement and flux tubes in this regime. The reason for restoration of non-Abelian SU(2) gauge
symmetry in quantum theory is that at Nf = 4 and Nf = 5 the corresponding SU(2) subsectors are not
asymptotically free and they remain to be non-Abelian in weak coupling regime at mA ≫ Λ (cf. [9]).
Let us take a closer look at r = 2 vacua of these theories. The theory with Nf = 4 has six r = 2 vacua
while the theory with Nf = 5 has ten r = 2 vacua, see (21). Now consider the point in the parameter space
where masses of all flavors mA become equal. At this point six (ten) vacua of the theory with Nf = 4 (5)
flavors collide with the two-fold effect. First, as we already discussed in sect. 2.4, the Higgs branch of dimension
8(Nf − 2) develops. It touches the Coulomb branch at the point
a3 = 0, a8 = −
√
6m, (143)
where m = mA is now common value of the quark masses, see (44).
Second, since a3 = 0 the SU(2) gauge subgroup acting in the upper left corner of the adjoint field matrices
is classically restored, see (31) 11. this restoration is also preserved in quantum theory. Namely, the SU(2)-
subsector for Nf = 4 is conformal and the coupling constant does not run, being of the order of
g2 ∼ 1
log (m/Λ)
≪ 1 (144)
(with Λ ≡ ΛSU(3); the SU(3) theory with Nf = 4 is not conformal), frozen at the scale m where SU(3) group
is broken down to SU(2)× U(1).
11Strictly speaking this is true at energies much larger then quark VEV’s which break gauge group completely at the scale of
order of
√
µm, see discussion below.
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For Nf = 5 theory the SU(2)-subsector has ”zero charge” in the infrared limit. The coupling constant at
large distances is of the order of
g2 ∼ − 1
log (∆mΛ/m2)
≪ 1, (145)
frozen at lower scale of quark mass difference ∆m (note that ΛSU(2) = m
2/ΛSU(3) ≡ m2/Λ for Nf = 5).
We consider here special submanifold of the Higgs branch which admits the BPS flux tubes (cf. [7, 18]).
We call this submanifold origin of the Higgs branch. One point on this submanifold corresponds to non-zero
u-component of the first flavor and non-zero d-component of the second flavor given by
〈u˜1u1〉 = 〈d˜2d2〉 = 3µm = ξ
2
(146)
while all other components are zero. This is a continuation of r = 2 vacuum considered in previous sections to
the case of equal quark masses, see (19). Other points in the origin of Higgs branch are given by SU(Nf) flavor
rotation of (146). The dimension of the origin of the Higgs branch is 4(Nf − 2). To see this note that VEV’s of
u and d-quarks in r = 2 vacuum break SU(Nf ) symmetry down to SU(Nf − 2). Thus the number of ”broken”
generators is dimSU(Nf)− dimSU(Nf − 2) = 4(Nf − 1) and four phases are “eaten” by Higgs mechanism.
Other points on the 8(Nf − 2) dimensional Higgs branch correspond to non-zero VEV’s of massless moduli
fields, and these points do not admit BPS strings. In particular, the ANO strings on Higgs branch were studied
in [39], they correspond to limiting case of type I strings with the logarithmically thick tails associated with
massless scalar fields. Moreover, the infinitely long strings do not exist [38, 39] and we do not discuss here
strings in generic points on Higgs branch.
Now let us focus on the strings arising in some particular vacuum at the origin of Higgs branch. By flavor
rotation one can always put this vacuum to the form (146). To study the strings at this vacuum we can apply
results of the previous section and take the limit ω → 1.
Suppose we approach the value ω = 1. Let us make a closer look at what happens to the lattice of strings
from fig. 3. It is easy to see that e0-string corresponds to winding around the U(1) factor associated with the
generator λ3, see (149). This generator belongs to the restored SU(2) subgroup. However, SU(2) group does
not admit flux tubes just because π1(SU(2)) = 0. Now it is clear that e0-string becomes unstable at ω → 1. In
fact, the winding just shrinks to zero once the group manifold becomes 3-sphere instead of a circumference.
What happens physically is that e0-string is broken by e0-monopole-antimonopole production which does
not cost any energy in the limit of equal quark masses. To see this note that mass of the e0-monopole vanishes
in this limit. Namely, the BPS e0-monopole mass in weak coupling regime has the form [4]
mMe0 =
√
2
∣∣∣∣a3g2
∣∣∣∣ (147)
and vanishes at a3 → 0.
Thus, we see that e0-string becomes unstable and disappears from the spectrum. Let us discuss now what
happens to confined states when we tend to zero the differences of quark masses ∆mAB = mA−mB (assuming
that they are all of the same order ∆mAB ∼ ∆m). As we already explained at √µm ≪ ∆m ≪ m one has
weak coupling and the mass of e0 W-boson is of the order of ∆m, while the mass of e0-monopole is given
by (147). When we put ∆m well below
√
µm the mass of e0 W-boson (together with the masses of photons)
is determined by complete breaking of SU(2) gauge subgroup by the quark VEV’s (instead of adjoint VEV
〈a3〉 ∼ ∆m), and it is frozen at the value of order of √µm. As we reduce ∆m the e0-monopole becomes lighter
than e0 W-boson. This shows that eqs.(144), (145) are no longer valid and we enter into strong coupling regime.
To understand this, note that presence of simultaneously light quarks (which become massless quark moduli at
∆m = 0) and light monopole means approaching the point of Argyres-Douglas type [32, 33, 34, 35]. Apparently
as e0-monopole becomes lighter and lighter the e0-string becomes more and more unstable.
As we already discussed, presence ofNc−1 different strings associated with each U(1) factor of SU(Nc) gauge
group broken down to U(1)Nc−1 leads to unwanted multiplicity in the hadron spectrum of N = 2 QCD which
we do not expect in ordinary QCD [6], and this reflects the U(1) nature of the confinement in Seiberg-Witten
theory. In particular, one has generically two ”elementary” strings in SU(3) gauge theory, namely e1-string
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and e2-string in r = 2 vacuum. As we already explained in the last section this leads to the presence of three
monopole-antimonopole meson states formed by e1, e2 and e0 strings.
However, in the theory with Nf = 4 and Nf = 5 flavors with equal masses with the non-Abelian SU(2)
subgroup of gauge symmetry restored at r = 2 vacuum e0-string becomes unstable. This has two-fold effect
on the meson spectrum. First e0-monopole-antimonopole meson formed by e0-string with e0-monopole and
antimonopole attached to its ends acquire large width. Eventually at ∆m → 0 it becomes unobservable as a
resonance state and disappear from the spectrum.
Second, e1 and e2 monopole-antimonopole mesons formed by e1 and e2 strings respectively become mixed
with the transition amplitude of order of one because e1 − e2 = e0. Hence, these two mesons form two splited
states, more massive state acquires large width and also disappears from the spectrum. As a result we end up
with only one set of monopole-antimonopole meson Regge trajectories.
Hence, we see that there is no longer unwanted multiplicity in the hadron spectrum. Although confinement
in this theory is due to the presence of Abelian e1-string (∼ e2-string), the hadron spectrum has multiplicity
which we expect in a theory with non-Abelian confinement.
Note also that extra multi-monopole-muti-antimonopole ”exotic” states formed by stable non-BPS strings
(see sect. 5.3) also disappear in the equal mass limit in theories with Nf = 4 or Nf = 5.
To conclude this section let us make a comment on so called semilocal strings (see [40] for a review). These
are string-like solutions which interpolate between BPS strings and two-dimensional sigma model instantons
lifted to four dimensions. Instead of ordinary BPS strings these solutions have power fall-off at large r. The
semilocal strings arise in the models with additional global symmetry. In the theories with Nf = 4 and Nf = 5
considered in this section one has broken global SU(Nf ) symmetry at the origin of Higgs branch which leads
to presence of massless Goldstone scalars responsible for possible power behavior of string solution at large r.
The presence of semilocal string manifests itself as a zero mode of the ordinary BPS string.
Therefore it would be interesting to investigate how ordinary BPS strings with exponential fall-off at infinity
studied in this paper turn into semilocal strings as we aproach the point of SU(2) gauge symmetry restoration.
One comment here is that as it is mentioned in sect. 4.1 our strings are BPS saturated only in the leading
order in µ/m when perturbation of superpotential (1) reduces to the FI term and N = 2 supersymmetry is
not broken. Already in the next to leading order in µ/m these strings turn into type I strings [14]. For type I
strings the zero mode associated with the transverse size of the string (which is similar to the instanton size)
becomes a positive mode. It means that the transverse size of the semilocal string although grows as compared
to the size of the ordinary string (∼ 1/√µm) is still bounded by 1/µ3/4m1/4, and the semilocal string does not
grow infinitely thick.
7 Conclusion
In this paper we have studied the flux tubes in softly broken N = 2 QCD arising in quark vacua of SU(Nc)
gauge theory with Nf flavors at weak coupling, in particular focusing on the theory with SU(3) gauge group.
These magnetic flux tubes are responsible for the confinement of monopoles. Of course, it would be more
desirable to study confinement of quarks arising in dyon vacua at strong coupling via electric flux tubes. Still
we believe that the two problems are directly related due to monodromies [4, 5] and it is useful to start with
simpler problem of monopole confinement in quark vacua, which one can keep at weak coupling.
Generically SU(3) gauge group is broken down to U(1)2, thus in each N = 1 vacuum two ”elementary” flux
tubes arise. In r = 1 vacua (when only u-quark condense) these are magnetic u-string and electric e2-string.
This hybrid phase arises since classically the gauge group is broken down only to SU(2) × U(1). However
on quantum level the SU(2) factor is further broken down to another U(1) due to the Seiberg-Witten strong
coupling mechanism. This results in the condensation of e2-monopole (dyon) and formation of electric e2-string.
We have shown that strings in r = 1 vacua are the standard BPS ANO vortices in the limit of small adjoint
masses µ.
In r = 2 vacua with non-zero VEV’s of u- and d-quarks two ”elementary” BPS strings are magnetic e0
and e2-string (at the values 0 < ω < 1 of VEV’s ratio ω = 〈d˜2d2〉/〈u˜1u1〉). These strings are generalization of
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standard ANO vortices, and they involve two gauge potentials interacting with two scalar fields satisfying BPS
first order eqs. (76). We have demonstrated that bound states of multiple e1-string and multiple e2-string are
marginally stable strings while bound states of multiple e1-string and multiple e2-antistring are stable non-BPS
strings.
Finally we have considered the theory with Nf = 4 and Nf = 5 in the limit of equal quark masses. In this
limit SU(2) subgroup of the gauge group is not broken even on quantum level in r = 2 vacuum. We have shown
that in the limit of equal quark masses e0-string becomes unstable and disappears from the spectrum. The
monopole confinement is due to remaining e1-string which is not distinguishable in this limit from e2-string. This
mechanism eliminates the unwanted multiplicity of the hadron spectrum generically present in Seiberg-Witten
theory. The meson spectrum looks as expected in a theory with non-Abelian confinement. Namely, one gets the
only set of e1-monopole-antimonopole meson Regge trajectories (or, equivalently, e2-monopole-antimonopole
meson).
Something peculiar happen to ”baryons” in this limit. Of course we cannot really talk about baryons formed
by monopoles since monopoles have zero baryon number. Still we can consider neutral baryon-like states formed
by e0, e2 and e¯1 = −e1 monopoles connected by −e1 and e2 strings in a chain-like configuration. Generically
when SU(3) gauge group is broken down to U(1)2 there are six different ”baryon” states of this kind. However, in
the limit of equal quark masses when SU(2) gauge subgroup is restored and e0-string disappears these ”baryons”
reduce to the only meson formed by e1-monopole and e1-antimonopole. It is possible because monopoles have
zero baryon number.
This is not exactly what one expects in a theory with non-Abelian confinement. In a theory with non-Abelian
confinement one expects to have one set of meson and one set of baryon Regge trajectories. In the theory at
hand in the limit of equal quark masses ”baryon” states disappear and we are left with only one set of meson
trajectories. It would be interesting to study the mechanism of non-Abelian confinement via Abelian flux tubes
suggested in this paper for the case of monopole condensation and quark confinement. In particular, this may
allow us to find what happens with baryon multiplicity upon non-Abelian gauge subgroup restoration.
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Appendix. SU(3) conventions and beta-functions
The variables φi are associated with the basis vectors of the fundamental representation 3 (see fig. 1): φi = φµi,
i = 1, 2, 3, where φ is a VEV vector in Cartan plane. Their relation with Cartesian co-ordinates φ = (a3, a8) is
given by
〈Φ〉 =


φ1 0 0
0 φ2 0
0 0 φ3

 = a32


1 0 0
0 −1 0
0 0 0

+ a82√3


1 0 0
0 1 0
0 0 −2

 ≡ λ3a3 + λ8a8 (148)
i.e. 〈Φ〉 is decomposed over well-known diagonal Gell-Mann matrices
λ3 =
1
2


1 0 0
0 −1 0
0 0 0

 = 12(α12 −α2) = 12α1 = 12(µ1 − µ2) (149)
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and
λ8 =
1
2
√
3


1 0 0
0 1 0
0 0 −2

 = 12√3(α12 +α2) = 12√3(µ1 + µ2 − 2µ3) (150)
where we have used the following identification between the vectors in Cartan plane (see fig. 1) and diagonal
matrices
α12 =


1 0 0
0 0 0
0 0 −1

 = µ1 − µ3 (151)
and
α2 =


0 0 0
0 1 0
0 0 −1

 = µ2 − µ3 (152)
(vectors (151) and (152) are normalized to α2 = 2 and the factor 12 in (31), (32) is related to conventional
normalization of the Gell-Mann matrices Tr(λaλb) =
1
2δab).
The W-boson masses (7), (98) are proportional to
φij ≡ φi − φj = αφ (153)
are given then by the scalar products with the roots so that the (perturbative) prepotential for pure gauge
theory may be rewritten as
F = 1
2
∑
α∈∆+
(αφ)2 log
αφ
Λ (154)
where sum is taken over all positive roots ∆+. The quadratic part of (154) can be easily rewritten in terms of
Cartesian co-ordinates or weights of the fundamental representation, using
φ2 =
1
CV
∑
α∈∆+
(αφ)2 =
∑
µ
(µφ)
2
(155)
or
φ2 =
1
Nc
∑
i<j
(φij)
2 =
1
2Nc
∑
i,j
(φij)
2 =∑
Nc
i=1
φi=0
Nc∑
i=1
φ2i =
1
2
Nc−1∑
i=1
a2i (156)
The matrix of coupling constants for the SU(3) gauge theory may be easily computed in terms of the root
variables A1 = φ1 − φ3 = α12φ and A2 = φ2 − φ3 = α2φ, where we used one of the simple roots α2 and the
”highest” root α12 = α1 +α2 (see fig. 1)
Tij =
∂F
∂Ai∂Aj =


log
A1
Λ
+ log
A12
Λ
+ 3 − log A12
Λ
− log A12
Λ
log
A2
Λ
+ log
A12
Λ
+ 3

 (157)
and it can be rewritten in following co-ordinates
∂F
∂ai∂aj
=
(
T11 + T22 − 2T12
√
3 (T11 − T22)
√
3 (T11 − T22) 3 (T11 + T22) + 6T12
)
=
=


log
A1A2A412
Λ6
+ 6
√
3 log
A1
A2
√
3 log
A1
A2 3 log
A1A2
Λ3
+ 18


(158)
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If all Ai ∼M →∞
∂F
∂ai∂aj
∼ 6 logM
(
1 0
0 1
)
+O(1) (159)
with the coefficient βYM = 2Nc = 6.
One may also consider the contribution of the fundamental multiplets to the set of effective constants (157).
They come from the contribution of fundamental massive multiplets to the prepotential
Ff = −1
4
Nf∑
A=1
∑
µ
(µφ+mA)
2 log
µφ+mA
Λ
(160)
whose second derivatives w.r.t. ai give rise to the contribution to (157) of the form
∂2Ff
∂Ai∂Aj =
1
18
Nf∑
A=1


− log (B
A
1 )
4BA2 B
A
Λ6
log
(BA1 )
2(BA2 )
2
BAΛ3
log
(BA1 )
2(BA2 )
2
BAΛ3
− log B
A
1 (B
A
2 )
4BA
Λ6

+ const (161)
where
BA1 = µ1φ+mA =
2
3
A1 − 1
3
A2 +mA
BA2 = µ2φ+mA =
2
3
A2 − 1
3
A1 +mA
BA = −µ3φ−mA =
1
3
A1 + 1
3
A2 −mA
(162)
In following co-ordinates one gets
∂2Ff
∂ai∂aj
=
1
18
Nf∑
A=1


− log (B
A
1 )
9(BA2 )
9
Λ18
√
3 log
(BA2 )
3
(BA1 )
3
√
3 log
(BA2 )
3
(BA1 )
3
−3 log B
A
1 B
A
2 (B
A)4
Λ6

+ const (163)
In the limit Ai ∼M →∞ (163) gives rise to
∂2Ff
∂ai∂aj
= −Nf logM
(
1 0
0 1
)
+O(1) (164)
with the coefficient giving necessary contribution into βQCD = 2Nc −Nf .
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